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.

Divergence theorem : F : IR
"

→ IR
"

,
FEC 't

,

→ f- (x)- ( fix) . . . . , Fnlx)) .

→ div F (x) : = Oxeffx) t . . -t Qufu Cx) , =
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Problem#

Using div thin with f- = v tu ve have

dir (v rn) = dxi (vdxiu ) = II. Qiu - Qiu t

t v fi
,

u = Tv
- tout v - Au

.
A
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Problem Use Problem 2 twice
.

q
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Problem A- 4 We consider F -- (0,9 . . . , Guv, O, . -yo ) .

Then
,
dir F = Dju - V t U - B- V .

Moreover
,

( F, n > = UV -

nj .

Problem 131 IT

Problem 132 ( as martingales ! ! ! )

Let u be harmonic . Then
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= Hulk.int E'
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ch Hut 20
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Problem 133

u is subharmonic ice . An 20 .
For old BpCr
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0/4) = two
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so 61 is non -decreasing in V. But of Cr) → Ny)

as r -so .
So f uluxlds Z Hy)
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To see 2nd formula f ulxldx =
Bly , v)

= I fail;) dslxldw =/ dcnlwmfucxldsdu
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For superharmonic function u (y) Z fo ,my4)d561
For harmonic functions we have equality .

Problem 134

u is subharmonic in R and u attains its wax
inside r

":i:÷÷:÷ : s :c
.

Ue cover r with such bells to

conclude the proof .
Problem 135

Clearly u attains its wax . somewhere in I. if this

happens inside ⇒ u is constant in I , including the

boundary . For harmonic function

sump
uhh --

fam
' UH

, in uld -

- oinnf uh.

Problem 136 Du 20 so u is subharmonic
,

i. e . u attains sup on the boundary ⇒ U SO
.

If u20 then a-Ofand this is a solution ) .



Problem CI

If there were 2 solutions Uni U2 then

{ blue
-uh -- o r

Un -u 2=0 or
!

Then u
,
- uz attains its wax and main on Or

so un- uz = 0 . I
.

Problem CZ

Use A 2 to v
-

- U = Un -Ur

flu .-ud b ly ,

-ud tf Hun-ud
'

-16.-ud'LL
H

O
O on 02

⇒ f Hku , -ud F- 0 ⇒ u,
-us is constant .

or

Use blue at or to conclude u,
= Uz . I .

Problem IT



Problem C4

If us , uz solve Duff , Duff ⇒

Alan -41=0 int
"

⇒ Un- uz is harmonic in IR
"

⇒ un - ha = C constant by Liouville Theorem

(so uniqueness is up to a constant C)
.



Problem D1

Q Ix) -- f n#on
lxl
"

a> 2

Ii log txt u
-

- 2

lxt-xt.at#Dilxl--I
ftp.T#..-2xi--YxTDilxl2-h=C2-nllxP-h,IiT--C2-h)lxI-hxiDiluglxl--
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Problem D2

fundamental solution in 1 Di

U
"
=O and u is radially symmetric

u is linear
,
u = -
I 1×1

.Z

u
'
4) = f- I × >0

"

u
"
=
-So

"

tz x so y
meaning : jury

at x -- O .

Three meanings of u
"

(xk - do
1) Function has jump of size 1 at oneparticularpoint .

2) f f- (x) du
"

Kl = - f- Co)

so this is measure -So
.

3) This is linear functional on space of wut .
functions .

.
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Problem 133
"
A OIG ) =-51×1 ,

i - e . I fly' D oily) oly =
-fffxldfcx) dx
=
-f Cx )

.

Green 's 2nd identity :

{ Ivan - aunt -- Sah Fn - FI n )

We apply this with vlyt oily -x ) ,
x fixed .

ulyl -- u ly)

Then 1 Doily - x ) -

u ly) dy - u 478

¥⇒y=×
=! x dy

= - UCH
.

u Cx) = -1 Ily - x) bukgldytfoIG-xlff.dk )
-{ fin ly -x) - ucyldscy) .

The vigorous proof in the lecture .



Problem D 4 We know :

u Cx) = -1 Ily - x) Aukgldytfoty-HFI DSG )

if fin 4-x) - WyldKy) . 4
Troublemaker

Fix X and consider corrector solving for fixed
x :

Alex = o r{ yx a IG -y) Or

oily -x)
Then H

O = -1 E'
'

G) au G) tf E'
'

G) Ends G)
- f 8h14-x) ulu) dsly )
or

Hence



-

uCxk-fe@Iy-xl-EYgDosucyldyjffnfoItg-xt-EYyDucy7dy.T
his motivates GREEN FUNCTION for r :

Glx
, y) -- Ely -x) - 4×4) .
-

So far , we know that if u c-Cohn cot) solves

{- au
-

- f d then pachinkou
-

- g or xty ,

uh -- { Gkaylfcy) dy -µfTnk# glyldy .

BUT DOES IT EXISTS ?
Now

, we recall some facts from the lecture :

① Glau) = Gly, x)
.

② If 1=14107 then one can compute Gto



obtain Gst
. ¥Y =

- I÷×I¥yµ .

In particular , when { -Duh Og of we know

that

ulxt.fr#gCy7OBco.vyhdnrlxIyndSly ) .

Problem D 's

Using Green function one can obtain formula

for solution to { an Og of 1=13407 .

ucxt-III.f.int#yrds=-fogkngDgly7dy
= -Exit

hdnr Ix-y th
-



We will prove :
x

Ca) ut C ( Brca )

(6) Du - O in Brio)

" ' 4.c.one, fig,
um - gcxol .

XC- Bro)

Proof of (a) and lb) :

For fixed x , the map ↳ Gcxcyl is harmonic

except y --x .
As Gcxidy) = Gly ,x) , the map

X↳ Glx
, y) is harmonic

, except x=y . Hence

Xt> If Kay) is harmonic . Hence

D×¥y lay) = O XEBvb)
, y

o_OBro)

Directly from the formula we see that

" Dx Eng Hyo
me, )

is bounded



so DCT shows the Bra-e) (o) B UG) = O -

Finally , we send E-20 to conclude the proof .

Proof of Cc) :

Note that uG) = 1 is harmonic so applying

theory above

f- next -- f - fIycx ,y ) - 1dg =
-SEYGn )dy

OBr dBr

Hence
, fix E >0 , choose 8 lglxotgcy) l E E for

lxo-ykd.lt/xo-xlE8ztheuglxd-ulxl---ffgCxo7-gly7)fIylxiyldy
013,107

=
- f (glad- gas)) ycxiyldy
OBrenn Iyo- y ISS

- S lgcxol - o,G)Iffy Caddy
013rem / Xo- y l >8



The first integral is easily estimated with E
because ↳p.ro?ICxiDdy-- 1 .

For the second we observe that

8<1×0 - y l flxo-✗ It Ix -y l g- § + Ix-yl
so % < Ix-y l . It follows that the second term is

bounded with

- . .
E u

Cr
'

-1×1
' ) =

n
(r-1×116+1×1 ) f

e ¥¥ ( r - 1×1 ) E ¥¥ Ix - xd FE

if 1×-161 f so if

lx-x.lt min { % , E&¥
"

}

the second term is bounded by E. ☐ .



Problems D 6
, D 7 IT

.

mmmm

PART E : EXISTENCE FOR { -buy Fg at

Mctighe : if GG Ix-y ) =-f. × then

I fly) Glx-y) should solve Poisson 's equation because
I

0£ f-G)Glx-y) = I fly) D x -yl dy =

= -1 fly) dy⇒ dy = - Hx)
Therefore , we expect thatD{Glx -y)fly) dy = - fled .

Rigorous proof requires careful one lysis of
mum

i

singularity in Glx -y) owed some assumptions on f .

As we will see , the minimal assumption will be fed

felon )
.



Problem EA there is smooth Z i 112-2112 s
-
t
.

• { ( x) = O for 1×141

• { (x) = 1 for 1×122

• 12 ' IEC ttx
.

Recall mollifies : we consider Me
to be standard

mollifying kernel i - e .

I set . fz=1 , 720 , sappy - Blah .

yeah :=¥zfI)
Then :( f- * ye → f in Clan)

, Elon) (Kpad!
We consider

-I -- ¥÷¥,
14



-I -- T
Then I * Yigal = f IG) y Cx -y) dy

13437
^ smooth

⇒ I * y ..
-

- I
HI 2-3

( (I * y ,g)
'

l s C → continuous function which

vanishes outside THE. 2$ .



Problem EZ { G) =3( HII )
then 3,67=0 when WEE

Zeca - I when 1×1752
'
E

13461=2
'

( 'II) .fr 2x

= HEIL . EEE
Problem E3

Erd .

Claim : wflx ) fcflx -y) Hy) dy
-

-

r

WIKI :' {Efx-y) Kfc -y) faddy

wgE→wy uniformly inr



Hi

'

tween -wildlife'M't's'Y÷??%l
Cx -y)=f when

Ix-y12 TIE

£ ( f of Cx -y) fly) dy / E / f Fyne f-G) dy /
Ix -yk¥y lxykrde

Fyi'
r
'

£ pgfy.gg, ftp.z/flyHdyE4lfHo&rtn-zrn-tdr
E CHEH
,
E
'

→ 0

Case d=L ⇒ SIMILAR ( f.Erlagrdr )



Problem E 4

Target : compute derivative of f EG -y) fly)dy
r

claim : Di Wfld =L Diff-y) fly)dy
Steph : this function is well-defined , i.e . for
ok x er Diwflx) LA . Proof : find Rx sat .
r c Ba Cx) so that

I Diwflx) l s
µ!! Dieu

-

y) l Hell, dy

s HH
, & fry , r" dr E CH tho Rx C

Steph : pi week) =LDiff [ Cx -yifftyldg

=L D
'
'

of Cx -yhfluldytfoicx -y)Diz 'Cx-y) fly)dy
{Cx-y)



Thou to differentiate integrals :

Its Ekin dy E S Mandy ? *)
r r

F.(f Ffxth ,y) dy - f FG ,g)dy) =
r r

⇐ f H¥FEiIdy
^

¥,
Ethan

pointwisely

Note H*HII s HEH so if
x

we integrate over the set of finite measure and

derivative is bounded we are allowed to@include

1*1 .
j



Second integral
-

:

(LEG -b)D'}4x-y) f-G)dy / E

E If I EG -all I fly) Idg f HH
.
I f Fyne

⇐ Ix -ylEric
⇐Hak ri E

SCH ft
. I §

'

III dr ←CH HI
.
E→ 0

uniformly inX

First integral i

II Dio Cx -y) ( IG -

y)
-t] fly) dy / f

thief, reel D
'

EG -DI HEH . dy s

£ Chill
. ¥ ,

¥4. ay ECHHI. farm.ir
= Clifford E → O



again , uniformly in xer .

Conclusion :

WE ⇒ we in r

Di Weg ⇒ { Di EG -g) fly) in r

⇒ for all I compact , Ice , Wf is
Cauchy in CCI ) = Banach space .
⇒ WE → g in C

'CI ) ⇒ g
-

- Wf ⇒

Wf e Choi )

Di w 't → Diwf in CCI ) ⇒

Di Wf
-

- { Di OIG -y) fly) dy



Problem E5
How to compute 2nd derivative ?

Dig wflx) =L Dijoilx -y) fly) dy ?
This is not well -defined for fell .

I Dijk G -y) l E ¥yy
But

I ¥, dy s
,!µ, ⇒n dy = § In rn-'oh

= x

This motivated looking for conditions on f allowing
to compute Dijwg .

The condition is Hilden continuity

i.e
. Fc Iff) - fly) l f Ctx-y l?
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run

Schauder estimates for -A : f-au -- f )

f- c- (
°

¥ he a

f- E C
-

⇒ u C- (
"t

( Schauder)

felt ⇒ ut H2 (future )

(O weak derivatives) ( two weak derivatives)



Problem EG

Di ,j we G) =! Di.jo/x.-yIfCxl-fGDoly-fh3.DioIfx-y)njly1dSly)
and this function is well- defined .

"

i:*:÷÷÷:
¥

,
Diiuflxk -fffx) - EG-g) a ol Sly)

n
it

= - faff Xiii
"' hanky ,

hi DSG) =

013rem
=
-

this.mu#iyFd""



- fans
•
'

Brio) a<÷Y¥dsG )
=

=
- fad Rn f Lyon > day ) =

OB
☐
(O)

= - f-Cx) ÷nRn f div (y) dx =
- fad

.

Bnlo) X

n ☐
.

Problem F-7 In the lecture 1=112
"
and fact

then f OIG-y) fly) dy solves Poisson equation .
IN 11

S EG) flx-yl.ly
112"

fec} so can be directly differentiated .

Note that if f-c- C
"

and f- is coup . supp .
we bun

unite
5 E. (g) fC*y)dy= S OIG -g) fly)ty
112
"

suppf
and we can use our theory to see that u ed
(even C

" "

by Schauder estimate) .



Problem F- 8 Uniqueness to { - All =fd
u=g
or is

clear . For existence solve

{
- a. a- on

then u=vtWfsdÑ
.

v= g-Wfor


