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A concept of derivative between strong and
distributional derivative is a WEAK DERIVATIVE

.

bet. We say that uc-LI.ir) is weekly
differentiable it Fried

,,

to c-cicr)

§ 0%4 u €11S ¢ . ri

rr
In this case uxi:

= vi.
1 This identity uniquely

determines vi.

bed . WAP fr) = space of uc- LP or) sit .
Du exists and belongs to LP (r)

.

Reward W^PW is the space of u c- LPG) such

thot their distr . derivative is a function in
LP (r) .

Indeed
, Tu (4) = fukdollxldx

r

× ; Tulld) = C-1)field Oxiolxldx



If this is a function Oi ,
it means

C- 1)§ uC×70×i&Hdx= folk) vilxolx .

r

④ 1×1 c- W
" ' th 1) ?

We know that its dist. derivative is sgnx .
It is in ✓ C-1,1 ) .

④ "
✗so

c- W"Pfhl ) ?

We know that its distr . derivative is measure)

C-1) fuk) 0×41×7 = of (o)
C-41)

If I /
×>☐

c- W
"Pl-h 1)

, Fr sit .

4101=5 v61 011×7 to c- Ith ) .
c- lil

⇒ v =D a. e. Contradiction
.



' uedft) ⇒ new
" Per ) Kp

Cass. I is bounded)
• u c- V11) as u is wut

,
his bounded

.

• we look for u s -t.ve Ucr) and
i

f.ve. -0/1×1 dx = (4) fuwq.ro/Cx)
r r

It follows that Vi = Qiu .
we keep

1 pit

A' ulxk 1×1
"

2 > o , od
, p g. f.

for simchat

u c- W^1P( 13,10 ) ) .

except ✗=D 0*1×1=0*01×7 = 22¥45
= '¥

Hence Oxilxl
"
= -21×1*11×9=-1×1×1-+2

1Dul = - ⇐ a-11

We want to prove that



it s 1×1*0*+1 = - S f¥i→. / dad
& 13,107 13,107

We cannot change variables on 13,10) as 1×1
"

is not smooth d- ✗ =D c- 13,101.

Consider
, Pg→ B. (o) as {→ 0.

¥¥:
We can integrate by parts in Pg :

51×1-+1.41×1=-51-1%-441×7
I E

-

t f 1×1*41×1 nichols 1×1
OPE

Boundary term does not vanish on the inner

boundary .



-

1×1-+41×1 nicxldscx) /= E-townies dscx) /

s 11411
.
11m11 E
"

t Pels c E-
•

Em
-1

"

1

If n - I -L > 0 i. e. ✗+ 1- Ln this boundary
term converges to 0 .

④ Convergence 51×1*0*4G)→ S 1×14*41×1
Pq Bid

can be justified with DCT if I 1×1
"
=

Bid

= !
"

r
" rm
"
dr < no if u > d.



⑦ Similarly , J
-

¥÷µ , 41×7 → S Y¥*z 4G)
E B. 107

If _L
1×12+2

c-[ Hi -e
. ¥1T -11 c- L^ (Bio) )

i

sound this is for£+t④
CLAIM : u c- Wh ' (Bio ) )⇐ 2+1 <n

⇐ ) done
⇐s ) If new" ' ( Bio)) ⇒ Du exists in a

weak sense ⇒ in each red ball u is classically

0b¥?
antidote so Du coincides

with classical gradient except
a

⇒ ⇒+ ,
c- UCB

,
lol )

13^607
⇒ 2+1 Ln .

☐
.

For p -41 we only check when ¥4 ,
c- LP /Bio))

.

( for Http 4m ) .



A⑥ In A-5 : Sobolev function may be unbounded
in one point . In fact , it can be unbounded
in every

•
pan
ball in Bn 60) ) .

Consider {me }kz, dense ,
countable in 13,69 )

and let uG) = { Lz Ix - rk /
-✗

for 2 as above.

1<>-1

u c- W
"413,1011 ? ( 2+1 Cn )

( functional Analysis : {✗
k converges in BS if

{ 11¥11 < no )

• [ 1,114 -ÑÑE(
BionK

• [ Izu HD 1×-41" Aicpa 1)
K

L
l G-%)
"

/ flplx-ri.tt/---tn-ii1lx-nds



"

¥Ñt = I ¥1m f
Birk

£ ¥, ¥-1 '
= § r-d-lrn-l.cn

= rn
- (2+1)/02 = zn

- (2+1)

Similarly , §
,
, ,,

¥,p
= 2
"?

Hence
,
both series one convergent.



④ UCI , uewkiryr) ⇒ new
"KU)

.

B' F : IR→ IR
,
F- c- C

"

, Fist Lipschitz .

new
"Pbr) =) f- (a) ← W

"Por)

9- f- (a) = Ftw ) Qiu
11pA

Fact : new"PfrÑThen, there is a sequence
{ 4kHz , c c7Ñ) set. Uk→ u in

www.T.YPKALAPPROXIMAT#ARG:
We want to extend some property from a halter
class of functions Cohere it is "

obvious
"
l to

• longer one . The main tool is density .

If u c- W
"Mr)n CUT) .

fitucxio = - f F' (a) uxi 011×1
r r

f- (a) c- hi" ? Yes
,
because



• / Flu) / El flat - flat -1 IF 1011

5- I ul t f- 1011 e- LP
,

• IF' lathi / t 1ft last tux:| c- LP if

F' c- 5 (but * Klim '="¥ lfkip)
.

h→o

Let u c- W" Pcr)
.

Consider yk→ u in W"

i. e- Uk→
u in LP

tuk→ the in LP ( i.e. Qiu,→Qiu)
P F

strong
aid weak

weak
derivative

choosing subsequence if necessary
Uk→ u in LP

, a.
e. in1

DUK-7 DU in LP , a.e. in
I



§ Flu
.
) &; & =

- § Fluid Oxiek &
tao to

§ Flu) Qi of - { F' (a) Qiu §

PROOF OF ④ : µ (1-4) - Flu)) Qi of / f

E

lt-kipfuluk-ulQ.io/sElr-kipHuk-uHplldHp→ 0
.

PROOF OFBd://FYWQa.ua ¢ - . . . /for
sflr-keallla.ua -Qiu 14 +
+ f. * heal - flu) 11%-44



The first term is easily controlled with festive
inequality as obone . For the second, we note that

f-Yu,)→ F
'
Cu) a.e. as Fec ?

As / If' Cud - F' (a) I Qiu d /f

f 2114111
,

I aint ¢ c- Lt

we use dominated convergence to conclude
the

proof .
D-

.

⑤ IT



④ w:P =☒
U"P

1Ep# : First
,
consider u c- CT .

flu /
P
= f Q.it;) In / P =
r r

'- f xilulP-tsgnuq.us

w¥NG !
I

£ Ccr) { 1nF
'

Mul

's
Coy ¢14K

"F)
"

orfflpup )
"

f- f. +1g ⇒ 1g = ¥ , g = ¥,

-
. Earl Hull if 11 Dully

⇒ ⑤ lulPYPL-ccryflpu.ir ) "P .



To correct this argument we recall function
2

Fg (z) = ( 2-
'
+ IT? E = ÷T+g f Z

.

Fg c- d-, 1- Lips .

, Tz→ 12-1
, Fg

'
→ sguzllz,⇒

{ltzlu) /
P =/Qi Gil KEMP =

or

= - fxici-ewi-ET-ifa.is
£ CCN fight't Dul

-

By Holder LIFE (a) 11µF ( Cr) 11 Dulles .

As u is smooth , 11kW Hyp → Hull
Lp .

( we use here DCT with Fela) / tlul ) .



④ It also works for unboundedI if thereexists
direction in which I is bounded .

(simply , we use this direction in the proof) .

⑨ No
, we choose U= 1 .

④ IT
LOOKING FOR CONTINUOUS

④ n-w.com
.

,¥÷É¥÷÷¥.

1 . If u is smooth

In / ✗I - nly) I =/ Fu '

Holz / f
y

s I f) n' 1+1-11 g. ✗golf f [Hilder]

is Katt )"P Ix -yi
-%
£ Hu'llplay /

"%
.



2. If u c- U"%, 1) then we take a sequence

une TEH B) s
-

t
.
Un→ u in W

"
Tab,

ten→ u a-e. in (9),
un
'
→ u

'
a-e. in 6,1) .

Hence
, for a e. Ky c- ¥0,18B

lucid - uly) I £ Hu' Hp Ix -y /
1- "
P 1*7

3
. Consider restriction of u to [8,1-8]
n' = u * ye . ( OLE < 927

We claim thot# satisfies assumptions of
AA theorem :

• { it is bounded on Gil] :

First
, utf by 1×1 so by Young's iueq .

Hu'll
-
I Hutto Hull, = Hull

.



• Iuka - u
'
4) f- f) ( 1×-2-1 - u ly- z)]yd⇒dz|

£ Hu
'

Up Ix -y /
1-"

p

Therefore , up
to a subsequence uE→→ u in

C [8,1-8] so that u c- ( [8,1-0] .

y

4
. Clearlyu4x1-u4yj-J@eiCz1olzXlfx.y

c- (8,1-8)
,
V67 → u Cx)
uE (g) → uly)

concerning £4K )
'

a) di- = ↳
"

¢ / {⇒ dz

As u
'

c- V10
, 1)
,
MY→ In' ) in Hard

⇒ 4)
'

→ w
'

in 1^(8,1-0) . Hence
,

ulxl - uly) = I
>
Lu' ) (z ) dz

.

for ×
, yet#d)

×

and so for all ×
, y c- (Q1 ) -



5 . The last part aims of finding continuous
extension of u at ✗ =D, ✗ =1 .

We have

lulxtuly) / I 11 u'll
p
Ix - y /

1-%

We know that there isunique extension of

umf . cont . function from (Q1 ) to -10,1 ]
.

Moreover
, taking limits :

ulx) - uly) = § n' 6-lolz
14×1 - uh) IF lhillp Ix-y /

""
P ' ,•'


