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④ Qifu * yet = ux-dq.ge obvious
.

To prove &; (u*yg) -40*4*2 we consider

test function 4 c- EMIR" )

f Ogilvy,) 41×7 = - fu-tyeQ.io
=
- fu ((0*4)*4) = -fu QiH*y)

Ifat
= 4*4 = ) (Qiu)*y, Y function

As 4 is arbitrary Qifu *ye) = @a-4) *YE .

D- .

④ Fix ✗ c- Ig and consider u* Me .

Then
,
with A1

,
D-(u*yg) = ①a) *yg=0

⇒ u*Me is constant .

As hurry,→ u ⇒ u is constant .ae.



i④ This follows from definition .

W^!cr1= cgcry-ht.TN)

W"Kr)= c-cn-y-htP.tn
④ a- Mean, c- W'

"
Ion )
candidate C-a -1 )

.

× u:{ 1 c-no,
0 (Q1 )

I -1 112 )

( 0 ( 4ns )

= Mmm -111121
We need to check full -_full .

sue ' -- Iue ' -1%+1^+1
'

/ ii
→



0

= -f 6 + 1×+119 /
°

+ [ E' ⇒ an -610)
- n

"4107
2

- { the + G-⇒eli =

"
tea)

= -14 [ 11µm -11cm, ] . ☐
-

IR

B② For u c-WY ,
the trivial extension works

A

B③ Similar extension results vote for CGI)
(Whitney , Annals of Mathematics ,

'
30) .

④ For uc-wjhr.cn) we have Poincare

11 ullp k CH Dullp .

Hence 1- & W
"Port



④ Cftr) is dense in V04 .

C- well , 3-
( un) , g- (r) Un-> u in V04

.

Ten -_ 0 11Tullflltlun - a) 11+111%11
→ 0 =p

⇒ Tu=o tu
.

But for u=1 Tu=1 contradiction
.

☐
.

⑨ Isps -

Glu) = ulo) c- ⑥ "70,1 ) )*
7-
c lulolkcllullwnrya, , ?

lulolilulxlltllullp, 1×1^-8
E lulx) / + llullpi

~£1



Integrating artificially in ✗ ve deduce

Into) / = f) Into) / dx §

£ f) lulxlldxt the' Hp £ ( Hilder

£ llwllptlluillp = Hull
whilom . ☐ .

④ IT



We take a seq . { un } uz , bold in W'
"

(E)
.

We want to prove ithas a subseg . converging
0C. e.

(A) By Extension Theorem , { an } can be extended
to W

" ' (112-1)
,
Hank whyyz-yfcttunllw.IE)

and supp un C 3. ( J is some larger , yet
still bounded interval) .

(B) lien := Un* Me
Chaim : u'm → Um (f)0 ) , auf . ink .

Proof :

u:(×) - unk-t-ffenlx-yl-unGDYEGI.ly
1310,9

= ffunfx -{ z) - una) ) ylzldz
t

2- = §
"Germ

we estimate this



If un is smooth ,

umfx - E t) - un(x) =)
^

ol

☐

It
Unt - Ett) If

= f
'

un! ( ✗ - Ett ) C-Et) It

As 12-151
,

lunk - EH - until I E f) Inn' G- Ett) / It

If un C- W
" '

(3) ,
the inequality is satisfied

by approximation for a-e. ✗ .

This is enough as

we will integrate in ✗ . Coming back

link) - until EE llylhf f
"

I un't-Ettldtdt
1310,1 ) 0

Huh - unity,, EE 11711. If f) . . .

I 136,1)

= Elly Ito f f
'

{ tuna - Etzldxdtdt
13191) 0

✗
Fubini , nonneo, - integrand



[translation ]

£ Elly Ito §
, ,,
f) 11 am

'

11µg, oltdz

s CE snap 11am
'
"
you

→
snap Hui ftp.yygFC.

<no
.

(c) Fix E >0 .
We need to prove

→ Hutu 11
,
I CCE)

By Young 's ineq . Hu://x.tl/unlLellYgHx
£ E- Handle £ Ek .

→ 11 Doin 11ns ECCE ) .

Note Du'm = Dun* Ye so again

llbuinll
,

I 11 Dually 11%11×4 %
.



(D) Fix 870
.

There is subseq . { um
,
} s

-

t
.

limsup Hunk- UmeHuy)£ & '

hk
, hq
→✗

Choose E 20 so that Hui- all -5% Fn
.

Choose swbsug - { Unf } sit . uh, Ñ by

Arteta- Ascoli .

Kun
,

- une HE Hum
,
- u://tlluE.in?eH

+ Autre - une Il

⇒ busy> Hunk-hell F % -1%-1
"
Ky %-) no

+ lineup Hink- line Holy
Mk ,Metro

I limsup Huh
,
- line ftp.5-0

us this is Cauchy sequence .



(E) We apply diagonal argument to find
a subsequence { link } s - t.

bus
up Hume-Uncleg) £0 .

name→no

then ,
{ um
,

} is convergent as I b) is
a Banach space .

Diagonolargwment:_ use (D) with 8=1 .to

get subsequence { u
"> 3 .

From this subsequence,
choose o- further one { n'" 3C { w

'" } with 8=112
.

By induction ,
we get

{ u
"' } > { a

"' } > .
. .

> { u
"

't > . . -
T T8=1 TO-_ V2 8=7 'm

bet u
,<
= n'I. Them limsup lluniiunelktv

"
kine→•

if ya ,
me ZN .

As they are orb . bug we condole

the proof ,



- W
"

Ky Cc LP (e)

i.e. if llunllwnip F C , we can choose a subsoy.
Uy
,

→ u
in Lcr ) ,

it
④Consider pan . Then W

"Pcc Lor for q<p*
Mete that pLp*=¥y, so we may

choose q=p .

⑦ Consider p=n . Assume Huk Hwan FC .

⇒ Huether EC train

⇒ %→u in Ls Y<r¥I÷
Choosing r so that wat fpossible as
it→✗ as r→n ) .me condole the proof .

⑨ Consider p > n .

Then Hunllcar FC .

Hence ,FUq→u uniformly ( by A-A) .
☐



- We know from EI that

W
" " CN Cc Ucr )

. (
Shas

)ca boundary
As I is bounded

,
R C B

,
B i> some

ball .

Let { an } c winch . Using homework , we extol

{ un } C W
" P (B) .

As B has smooth band

Funk→ u in LP (B) ⇒ um
,

→ u in Ukr )

as ICB
.

This says that identity operator from
W
"

.CN to You is compact .



- Arzda-Asahi says thot it { an3m
satisfies Hunk

,
FC
,

11 Dunk
,
FC

then funk→ u in Ecr) (even Cory
.

R-K may be
viewed as an LP -version of

A-A : if llunllp EC , 11 Dunllp FC
then Funk→ u in LYN

I V-uewnp.HU- lullLp > nll Dully .

Suppose ItInanew"p " Un- (un)nHµ >v11 Dunk,
I ñ

.

it t
n vnewnp

" Vnllp > mill Donny

won :=¥Ex
,

I > n 11 Dwnllp ,
1=11wnllp .
0 -- (Wm )



there is subsequence converging in LP .

ice
. Wu → w in LP .

Moreover 11 Dwmltpe In→ 0 .

But

fun - 10¥ = -1 foxicwn) - ¢
-

IF
→ Swolxi

⇒ Sucha. = 0 t⇒ w is constant
5=1

, . . .in

As ( w ) =D ⇒ w=0 . Contradiction

with HwHµ= 1-
.

☐
,

-E- IT
.


