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①
(A) u c- CHM n ETH and

Siu - the = f ie f
"

- Son-4

Moreover
, u
= 0 on or ⇒ u c-Hfcs) .

(B) 11^04 is equipped with norm :

Uh> (Hull I + 11 Dull E)
"2

Shallow product :

(un) = fu - v t f Du - Dv

This is solar product
(1) Linearity door
(2) Conjugate symmetry - no issue , we

work on IR
.

(3) Positive definiteness fu
"

-1/11142--0
⇒ u is 0 .



µ? (d)= G•(rT "
""

is closed subspace of

BS so it is itself Banned space and with the

inherited inner product , it is Hilbert space :) .
Notes On titch we have equivalent norm
U↳ I /Dull

,
6g Poincare inequality

Hull
,
f Ctrl 11 Bulk .

(c) We need to find constants

late , v71 E 4h11 1141g 1117*112

'alu ,
a) 3 chul /

2

The first one : ✗ Du - Dr / 141 Dull
,
11Dvllzbz

Holder
.

the second is obvious :as alum = 11 Dull } .



(d) We need to find C sit
.

If f- 41 E C 11411

We have
, by Hilder , If f- E / f 14-11211 elk

I 11%11134112 .

T - norm on HIGH
Poincare
Hilder again

(e) Problem is equivalent
'

with L- M which

gives the unique solution in Hjort .

(f) This is usual approx . argument as

HIM = GIN?

213 ⇒ IT
.



⑥ If u c- Cyr) n C' (5) and

④
-An -_ f in r , ¥n=O on or

we multiply eg.by { c- c-(5) to get

-fan . E = f f k
"

seu - ne - g g÷ . y
⇒ tie - •Effy

r or
=D

Then
,
we consider seq . ten → 4

,
{4m¢ CFD

where he c- H'Cr) is arbitrary .

④ If there is a weak solution then he take

6=1 to get { f--0 .

① Guider

tl-fuc.HN : fu =o } .



H is closed in H' (a) as if an→ a inti
,

{un ICH then ten→ u in [ ⇒ un→aint

and finally Lun → fu .

But§un=0 .

Therefore ( Jl
,
It 11µs ) is a Banach space and so,

it is a Hilbert space . We claim that Lax- Milgrom
assumptions are satisfied in H

.

Indeed
,
we take alu

,
v7 = { tu -tr

llv) =/ f. o
r

and we only need to prove coercivity of a .

We have • Cure)= fleur 741 a- (uh 112
"

u astute
C. Hultz falu , a)

C 1*11 ii. Calma,
⇒ ¥11444 fakery.



④ If u is a weak solution , then a -11 is obso
a weak solution .

⑤ fin; Pol =/ fid V7 c- HIM

Éf Kfc- H? WH

fate , -ud - not = foflf, - fz)
Take 01=4-42

Stalin-not = ft,- f.) lurk)
"

Nikki:
Rewll abt ¥ + !¥ . Apply this with Ea , É
ab f ¥ at 6%2 .



Then - f.) turn) F

E ¥11k- fell? -1 ¥ Haruki

p.E.se ¥2 "1-fillet ¥11bn-Daiki

choose E so that ¥212 .

Then

I 11 Du
,
-Dual /fit 21,2111, - fall} - D--

⑥ µ-1cm = ( thirst
(A) f- c-LYN , then let> Jfc

c- H
-'

G)

Indeed>

IS talk 1111ha Kellett ftp.lllllyyy.



(B) W
"Ponce lttr) tq<p*=I÷

In our case p=2 thrice Lor ¥< 21-2
.

and 11611m£ 41111^61 .

Iffy / I 111-11,91116112%1

⇐Cllfllii 1141144m

q< ⇐ ⇐ § > In ⇐ e- ¥ > ¥n
⇐ 1- HI > f- , c⇒2In > 1g , ⇐

⇒ q
'
> n¥

n=} I÷z= § < 2 :)

as n -ins n?÷→ 2
.



(c) If f-e- L4r )
, Qi f extends to H

-

H
.

First
, Aif is well-defined for 6 c- CECI) :

if , E) / =/ Lf Qi / E HHI , 114%-11,2
E AHHHHH:(N '

% As CT is dense in H ? (d)

Gif has a unique extension

( with Cauchy sequences ) .

(D) This is straightforward as Lax - Milgrom
lemma is originally formulated for l in the
duel space .

So we can solve eq . like
-

Aw =D ,

- f-
where f is only 14h !


