Introduction to PDEs (SS 20/21), Problem Set A2

Laplace and Poisson equation: examples of elliptic equations
Compiled on 24/03/2021 at 4:22pm
The target is to obtain well-posedness theory for Poisson’s equation
—Au = fin Q

equipped with Dirichlet boundary conditions v = g on 9. We will do that for €2 being a ball or
the whole space.

Green’s identities, integration by parts
Let u,v € C?(Q) and Q C R? be a smooth domain for which the divergence theorem holds.
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Al. Show that

A2. Prove Green’s first identity:
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A3. Prove Green’s second identity:
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A4. Prove integration by parts formula

/Q Dju(z)v(z) + /Q u(z) Djv(z) = / (@) v(x) n;(z)
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where n; is the j-th component of n.

Properties of harmonic functions
Function v € C?(1) is called harmonic (subharmonic, superharmonic) in € if it satisfies Au = 0
(Au >0, Au < 0) in Q.

B1l. We establish a connection between harmonic and holomorphic functions. In what follows we
identify C with R2. For Q C C, we write  for the subset of R? corresponding to €.

(A) Prove that if u : Q — C is holomorphic then real and imaginary parts of u are harmonic
functions as maps from € to R. Hint: use Cauchy-Riemann equations.

(B) Conversely, assume that €2 is simply connected and let u : Q — R be a harmonic function.
Prove that there is a holomorphic function v :  — C such that real part of v equals
w. Hint: Consider complex derivative of u, namely w(x + iy) = uz(z,y) — i uy(x,y) and
use path integration to find its antiderivative. Observe that u is the real part of the
antiderivative.

B2. Let u be harmonic in 2. Prove that v = ¢(u) is subharmonic whenever ¢ is smooth and
CONVeX.



B3. Let u be subharmonic in €. Prove that for any ball Br(y) C 2 we have

u(y) < /BR(y)U(y), u(y) < /8BR(y) u(y).

Formulate corresponding results for superharmonic and harmonic functions.

B4. (maximum principle for Laplace equation) Let u be subharmonic in © and suppose that u
attains its maximum in the interior of €2. Prove that u is constant. Formulate corresponding
results for superharmonic and harmonic functions.

B5. (maximum principle for Laplace equation) Let u € C?(2)NC(Q). Assume that © is bounded.
Prove that u attains its supremum on the boundary:

supu(z) = sup u(x).
e x€oN

Formulate corresponding results for superharmonic and harmonic functions.

B6. Find all nonnegative solutions to the nonlinear PDE

Au = u? in By(0), u(z) = 0 on 0B;(0).

Consequences for Poisson’s equation

C1. (uniqueness for Poisson’s equation) Prove uniqueness for solutions u € C%(Q)NC(Q) to Poisson
equation in bounded domains €.

C2. (energy method) Use integration by parts to deduce uniqueness for Poisson’s equation.

C3. (comparison, maximum principle and stability for Poisson’s equation) As always we assume
u,v € C2(2) N C(Q) with © C R? open, connected and bounded. Moreover, we assume that
u1, Uz solve

{—Au:fl in {—Av:fg in Q

U= g on 9’ v = go on 9N

where f1, fo € C(2) and g1, g2 € C(09).

(A) (comparison principle) Suppose that fi < fa, g1 < g2. Then, u; < ug.

(B) (maximum principle) We have

ull o) < C (I1f1ll o) + 91l Lo (o)) »

where C is a constant that depends only on the size of Q. Hint: Consider u(x) =

and w(z) = M?% + 1 for appropriate M. Apply (A) to w and w.
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(C) (stability) Deduce from (B) that

lu = vl ooy < C (Ilf1 = fall ooy + l91 — g2ll (o)) -

C4. Discuss uniqueness for Au = f in R



Green’s method and Laplace equation in the ball
We write ®(x) for the scaled fundamental solution to Laplace equation
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L 2=n
O(z) = {n@_n)an\wl if n > 2,

— o log |z| ifn=2
Prove estimates 1
D@ < ——fel" " Diy@a)] < o]
Find fundamental solution (i.e. spherically symmetric function u such that u”(x) = —dp) in

one space dimension.

Using A® = —§p, formally justify that for all u € C?(2)
0P ou
w(z) =— [ uly) 5=(y—2)dS(y)+ [ @(y—z)~(y) dS(y) — | ®(y —z)Au(y) dy
o9 On o9 On 0
(this will be rigorously proved in the lecture).

—Au=f inQ

Prove that if u € C%(Q) solves Poisson equation )
u=g on Jf)

u(z) = —/mg(y)gfj(w,y)Jr/QG(x,y)f(y)

where GG is a Green’s function for €.

Using Green’s function for ball (lecture), one obtains representation formula for solution to
{—Au =0 in B(0),

namely:
u=yg on 0B,(0),

oG r? ‘$|2 / g(y)
ulx) = — —(z,y) = ———— .
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Prove that u defined with this formula is indeed the unique solution to the Laplace equation
with boundary data g.

Remark: One can use Perron’s method to deduce existence on arbitrary domains from existence
in the balls. See Gilbarg-Trudinger.

Solvability of Laplace equation in the ball has the following nice consequence. Let u € C(2).
Prove that w is harmonic in € if and only if for all balls Br(y) compactly contained in 2

ut) = { o )

Hence, mean value property upgrades regularity of u from C () to C?(Q). Hints: (1) Fix ball
Br(y) and use solvability of Laplace equation to choose harmonic function with appropriate
boundary value. (2) Observe that mean value property implies all maximum principle results.

Conclude that the limit of a uniformly convergent sequence of harmonic functions is harmonic.



Existence for Poisson’s equation in the balls and the whole space
Given bounded domain 2, d > 2 and f : Q — R? we define Newtonian potential of f to be

wy(z) = /Q B —y) f(y) dy.

The plan is to prove —Awy = f.
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Prove that there is a smooth function £ : R — R such that 0 < ¢ < 1, |¢'| < C, £(¢t) = 0 for
t<1land¢&(t)=1fort>2.

Consider & (z) = £(|z|?/€2). Prove that &.(x) = 0 for |z| < ¢, é&-(z) = 1 for |z| > v/2¢ and
|V (2)| < C for some constant C'.

Prove that [, ®(z —y) & (x —y) f(y) dy converges uniformly to wy in €.
Let f € L>®(£). Prove that w; € C1(R%) and

Dyw¢(x / D;®(x —y) f(y) dy.
Hint: Use & to eliminate singularity in ®(x — y), namely consider [, ®(z —y)n-(z —y) f ()

Let f € L*>®(Q)NCY(Q) for some a € (0, 1]. Consider € such that Q C Qg and extend f =0
in Qo \ Q. Then wy € C?() and

Dj jwy(x) = A D;j®(x —y) (f(z) — f(y)) dy — f(z) - D;®(z —y) nj(y) dS(y)
where n; is the j-th component of n.

Steps:
(A) If f € C*(Q), then there is a constant Cy such that for all z,y € Q,
[f(x) = f(y)l < Cle—y|*

Use this to prove that the function above (candidate for the second derivative) is well-
defined (finite).

B) As when computing first derivative, use function £ to remove singularity around = ~
P g ) g Yy Yy

and consider ve(x) = [ Di®(x — y) &(x — y) f(y) dy. Observe that Q may be replaced
with Qp in the definition of v.(z).

(C) Compute Djv. and split f(y) = (f(y) — f(x)) + f(z). Use integration by parts in the
second term. What can be said about 7. in the second term?

(D) Prove that Djv. converges uniformly to the candidate for D; jw(x). Combine this with
uniform convergence of v. to D;wy(x) and with the fact that C? is a Banach space to
conclude the proof.

Use formula for D; jw; to finally conclude Awy = —f in €.
Compare this result with the theorem from the lecture (under assumption f € C?(R%)).

Prove that when f € L*(Q) N C%(), there exists the unique C?(Q) solution of Poisson
equation with boundary data g € C(9S2). Compare again with the case Q = R?.

Discuss how to consider Q = R? in the construction above.



