Introduction to PDEs (SS 20/21), Problem Set B1

Introduction to distributions and differentiation
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Let T be a linear functional on CZ°(€2). We say that T is a distribution if for compact V' C 2 there
exists constants C, [ such that

T <CV) llellcivy, (supp ¢ € V).

We write ¢ € D'(Q).
The minimal ! that does not depend on V is called a degree of the distribution 7'

Al Let uw € L},.(Q). Prove that u defines a distribution T,,(¢) = [ u( x)dx and find its
degree. Prove that the embedding of L}, (€2) into D'(£2) is 1nJect1ve

A2. Let p be a finite measure on Q. Prove that p defines a distribution T, () = [, ¢(z) du(z)
and find its degree. Prove that the embedding of M(2) into D'(Q) is mJectlve

A3. Let k € N and xg € Q. Prove that Ty(¢) = ¢*¥)(x0) is a distribution and find its degree.

A4. Prove that the formula T(¢) = Y32, ¢ (1/k) defines a distribution on Q = (0,00). Find
its degree.

Given T € D'(Q) we define its derivative DT € D'(2) with
D°T(p) = (-1l T (D).
B1. Prove that D®T is a distribution.

B2. Prove that if u € C2°(Q) and Ty(p) = [, u( x)dz then DT, () = Tpay(p) (that is:
distributional derivative coincides Wlth the classmal one!).

B3. Compute distributional derivative of the function |z| on (—1,1).
B4. Compute distributional derivative of the function 1,~¢ on (—1,1).

B5. Let @ be a fundamental solution to Laplace equation. Prove that —A® = §y in the sense of
distributions. Hint: recall the formula proved in the lecture for all u € C?(€):
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B6. Prove that distributional derivatives satisfy Schwarz lemma (their order can be interchanged).

A Sobolev space W*P(Q) is the space of all functions u € LP(2) such that for |a| < k the distribu-
tional derivative D%u € LP(Q). It turns out to be a Banach space with an obvious norm.

C1. Write explicitly integral identity satisfied by derivatives of Sobolev functions.
(2. For which 1 < p < oo, |z] € WP(=1,1)?

(3. For which 1 < p < 00, 1450 € WHP(—1,1)?



