Functional Analysis (WS 19/20), Big Homework 3
deadline: 5/12/2019 (group 1), TBD (group 2)

Important: Each problem should be solved on a separate piece of paper signed with your name,
student id number and group number (1 or 2).

1.

(Clarkson’s first inequality) Let 2 < p < oo and (€, F, u) be a o-finite measure space.
Prove that for all f,g € LP(Q, F, pu):
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Conclude that LP(, F, ) is uniformly convex for 2 < p < oo (see Problem P5 in Problem

Set 5 for definition and uniform convexity of Hilbert spaces). Hint: Simplify the problem to
some inequality for real numbers. Remark: Compare with Problem P5 in Problem Set 5.

. Prove that the map 7' : I' — (cg)* given with
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is well-defined, injective, surjective and isometry (i.e. [yll; = [|Tyl(cy)+). Conclude that
(co)* = l1. Hint: Recall Schauder basis for co: if # = (21, 22,...) € ¢ then projection of x
given with z¥ = (21, ..., 23, 0,0, ...) converges to z in cp.

Let (E,| -||) be a Banach space and A C E be its subset. Suppose that for every f € E*, the
set

fA) ={f(z):z € A}
is bounded in R. Prove that A is a bounded set in E (i.e. one can find a ball B(0, R) for some
R > 0 such that A C B(0, R)).

Let X be a vector space (not necessarily normed or Banach) over R. Let ¢, ¢1, ..., @i be
linear functionals on R (i.e. linear maps from X to R). Suppose that

(Viz1,..k pi(v) =0) = ¢(v) =0.

Prove that ¢ is a linear combination of ¢, ..., i, i.e. there are real numbers Ay, ..., A\x such
that ¢ = 2221 An@n. Hint: Consider F(z) = (p1(x), ..., pr(x), o(x)).

. Let 1 <p<oo.

e Let a,8 € R and set f(z) = a vell 1/2]. Then, extend f periodically on R.
B xe(1/2,1]
Finally, we set f,(z) = f(nz). Decide whether sequence {f,}nen converges weakly in
LP(0,1) and if yes, determine the limit.
e Suppose u € LP(R). We set g,(x) = u(x + n). Decide whether sequence {gn}nen
converges weakly in LP(R) and if yes, determine the limit.

e Let hy(z) = n'/Pe=™*. Prove that g, — 0 a.e., sequence {g, }nen is bounded in LP(0, 1),
gn converges weakly! to 0 in LP(0, 1) but does not converge in norm (strongly) in LP(0, 1).

'Update on 29/11/2019: converges weakly to 0 in L”(0, 1) but does not strongly (in norm).



