
Functional Analysis 2019 Tomasz Przybyłowski, 25th November 2019

Solution to the W7 Problem from PS 6

(⇐): Let xn → x, where xn ∈ C. By W4 we see that xn ⇀ x and since C is closed for weak convergence, then
x ∈ C, so C is closed for convergence in norm.

(⇒): Let xn ⇀ x, where xn ∈ C, and assume x /∈ C. By Hahn-Banach theorem (v.2), as C and {x} are convex,
C is closed and {x} is compact, then there exists ϕ ∈ X∗ and λ ∈ R such that

ϕ(c) < λ < ϕ(x)

for all c ∈ C. Therefore lim sup
n→∞

ϕ(xn) ¬ λ < ϕ(x), meaning that ϕ(xn) 6→ ϕ(x). This contradicts xn ⇀ x, so

x ∈ C, as desired.
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