
How to compute distance , projection , . . .
Using orthonormal basis ?

Let H be Hilbert space and X - Spanky, . . ., um}
X c H .

Assume that {wi 3in , is an orthonormal
basis of X ice

.

<wi , Wj ) = { I i=j0 it j

(A) PROJECTION :

M

R, y = [ Cy , wi > wi
F- 1

PROOF OF (1) : R, ye X so there are oy , . ..am

Sit
. Pxy = { ai wi . Moreover, y - Pxy I Pxy

M

so y - { ai wi I wi fj=1
.
. . .,m

F-I

⇒ Cy , Wj ) = Qjswj , Wj ) = Qj .
a

.



Note : we used here that Hwi 11=1 ( this
is not true otherwise )

.

(2) DISTANCE

ditty
,
X ) = Ily - Pxy HE

= Ily 112 - II
,

4,4-5
.

Proof : Note that HR, y 11k£74 , evi > ?
As y - By I Pxy we use Pythagorean
theorem

" y 112=11 By Ift Hy - Ray 112 ⇒

⇒ Ily - P×yH2= Ily 112 - llpxy HI

= Ily 112- fi
,

G ,wit ? A
.


