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1 Problem 1

1.1 Description
Let 1 < p < 0o. Compute norms of the operators
a. T : P — [P defined with T'((an)n>1) = (@n+1 — an)n>1-

b. T:LP(0,1) — LP(0,1) defined with (T'f)(z) = f (/).

1.2 Solution
a. Suppose that p = co. Take a = (a1,a2,...) € [* such that |la|_ = 1.
Then

1T(a)l|oc = sup |ant1 — an| < 2sup |an| = 2|lal|, = 2.
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Additionally, for a = (1, —-1,1,—1,...) we have |la|, =1 and |T'(a)||, =
2, because T'(a) = (—2,2,—2,2,...), so we conclude that ||T| = 2.

Now consider 1 < p < co. Take a = (a1, as,...) € [P such that ||aHp =1.
Using Minkowski inequality we obtain
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We know that [lal, =1, so 0 < |a1] < 1, hence
1
IT(a)]l, < (1 —la)> +1<2.

We'll show that 2 is indeed the norm of 7. Consider ay = (¢, M\, \%t,...)
where 0 > A > —1 and ¢ is chosen so that t¥ + |A\|? = 1. We check that
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Let’s compute the norm of T'(ay):

1T (ax)ll, = <Z A" — A"“’)
n=0
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Hence, limy_, (1) [[T'(ax)[l, = Hmy—1)(1 = A) =2, so || T']| = 2.

b. Suppose p = co. Let ¢ : (0,1) — (0,1) be the map that is bijective and
differentiable. Take measurable S C (0,1). Using the change of variables

formula for 1,5y we obtain

(o (S)) = /S | det Dl d,

which implies
1((S5)) =0 <= ¢(5) = 0.



Now let ¢ : (0,1) — (0,1) be defined as ¢(z) = 2. It is indeed bijective
and differentiable. Analogously for its inverse ¢ ~!(z) = /z. Let f € L.
For a € R we have

n(1£171((a,00))) = 0 <= (|1~ ((a,50)))) = 0,
but u((If] o 6=1) " ((a,50))) = u((|Tf1)"*((a, 50))), which implies that
1ll.c = esssup|f| = esssup|Tf] = | T/, -

That implies that ||T']| = 1 and we are done.

Now consider 1 < p < co. Take f € LP(0,1) such that [|f||, = 1. We see
that

1
1T = / TFP da,

after which we can use the change of variables formula (¢ satisfies condi-

tions) and compute
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Hence, |Tf], < 27, so 1T < 25 . We'll show that indeed |7 = 27 Let

1

fi = (ﬁ); Tz, for 0 <t < 1. We check that
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Let’s estimate the p-th power of the norm of T f;:
/ 1
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Hence, for every 0 < t < 1 the inequalities (2t)% < |THI, < 27 hold.

That means lim; 1 [|T'f;[|, exists and it is equal to 2%, so |T|| = 25

2 Problem 2

2.1 Description

Let (X, |]|x) be a normed space and (Y, |-||y-) be a Banach space. Suppose
that D is a dense linear subset of X and T': (D, ||-|| x) — (Y, ]-|ly) is a bounded
linear operator. Prove that T" has a unique bounded extension

T: (X %) = (Y[l Mly)

such that
Tx =Tz for z € D and 1Tl zpyy = HfHL(x -

2.2 Solution

We will start with proving existence of such operator. As D is dense in X
then for every x € X there exists a sequence (x,)nen such that z, — z. Let
us denote y, = T'(z,). It is straightforward to prove that (y,) is a Cauchy
sequence in Y. Indeed, x, converges so it is a Cauchy sequence. Moreover
lyn —ymlly = IT(zn —2m)lly < T [|&n — @m] x, so the Cauchy condition
follows. As (Y, ||-||y) is Banach, then y, — y € Y. We can set T(z) =y.

We need to prove that this definition of T is sound. Assume that there is
x € X and two different sequences (z,,)nen and (T, )nen such that both z, — x
and Z, — z. We need to prove that limT'(z,) = imT(Z,). We clearly have



that x1,21, 2,22, ... is a sequence in X that converges to x. Therefore, as in
the previous paragraph, the sequence T'(x1),T(Z1), T(x2), T (Z2),. .. converges
in Y. Therefore every subsequence of it converges to the same element of Y.
Therefore we have lim7T'(z,) = Uim7T(Z,) and we know that this definition is

sound.

Obviously for any x € D to compute f(az) we can use the constant sequence
(2)nen and we get T'(z) = T(x).

The last thing in this part is to prove that T is bounded. Let us take any
x € X such that ||z||y = 1. Again, there is a sequence (x,)nen of elements of
D such that z,, — 2. We know that T(z,,) — T'(z). Hence, by the definition of
convergence, we get HT(acn) — T(Z)HY — 0. By the triangle inequality we get

HT(:E)HY < HT(%) ’T(”)Hy +|IT(2n)|ly. This gives us HTH < ||IT||. Obvi-

ously HTH > ||IT|| (as T is an extension of T'), so HTH = ||T|| as we wanted.

No we can prove the second part, namely the uniqueness of T. This is
much easier. Indeed, if there is any other extension T then it is continuous,
so for any x € X and a sequence (Z,)nen such that x, € D and x,, — = we
have f(xn) — f(x) As f(xn) = T'(z,) then we have T(x,) — f(x) But
T () — T(x) by definition of T so T(z) = T(x) for any z € X.



