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④ We need to check that (LIX , Y) , H - H) is a horned

space where HTH=sµYf¥HTxHy .
We first check that 4TH is operator norm .

1) When F-O ⇒ HTIKO
.

HT HO ⇒ ns.qq.HTxlly = O ⇒
*¥111

Tx 14=0

⇒
"II , Tx = O five Ally is a norm ) .

⇒ t Tx --O ( by scaling x→ ¥4 ) .
k¥0 0

For x -- O
,

TX -- O by linearity . (To -- TG -x) -txtTx)
.

"
Hath qq.sk 4Th Hy F KI 'up Il Tx Hy -- HHMI .

llxlkt

H - Hy is a norm

3) b : Htt SH -qq.at#Dxl4ff*YEaHTxl4*YdjITytl
= 4TH t Itsy .

A for A- Hy

By b inequality, L ( Xie ) is a linear space . I .



A④ Note that HTxHEHTH tf Tftf
bet kxlkt

.

We have .

H S Tx H s HSHHTXH E 11511 HTHHXHEHSHHTK
-

.

= 5(Tx)

Hence k STH =¥y¥,
It still EHSHHTH . V

.

General strategy to compute norm of T. X→Y

we need to compute ATH YEHTx H

1) Estimate *¥211Tx H S C with some C
.

2) Find X with HXH Et s - t
.

H Tx H = C or

sequence xn with thinks I set
.
KTXall → C

.

linear functionals form special class of operators .

• We say thot E is a functional ( linear functioned
on (X, H- thx ) if he is linear and E :X-7K .

• We
say
thet E is a bounded functional on (X ,

H - Ik)
if he is a linear functional and Etd (KK), i.ee .
it is bounded

.



Remote In finite dim
. Spaces eauy linear functional is bounded

but in a dim setting , there is ALWAYS a functional which
is hot bounded .

Moreover
,
even nice functionals likeprojection

on element of basis may be unbounded
.

This is discussed in Ct , CZ, C3 .

BE



132
Ecu) = f.

"

un) dy - Giuly) dy
E : CG,D -2112

Let Hulk 1 .

Klay E I
"

handy t linteled dy e t .
⇒ Hell E t

.

"

nee!: 't:÷÷n
.

We have 1 S E Cau) Z 2 ( 'E- kn ) =L - E → I
se Kun) → 1 . Hence 11611=1

.

Is there u s .t
.
Ecu) = Hell =L ? No , it has to bet

on Coit ) and -t on Eh , I ] so it cannot be continuous .

I
.



④ Eitan keen u.eu
. .
.
. .
. ..
,
Kuk Eti"

let u be s
.

t
. Huff 1 .

Then

1kW = if,uivi I E Holl
. § , lui Is Hulk

⇒ 116 HE Hulls .

There is a sequence { veal set . I vent→ Hulls .

We take

Ukm = (o, 0, . . . , O , so,advent
-

, 0,0, - - - )
We have Hulen 111=1 and Kuku ) → Hull

. .
It follow

thet Hell = Hulls
.

SPOILER : The problem above shows that d- a@
" 17

In fact
*

=P and by equality above this is an isometry .
Such characterizations of dual spaces are VERY

IMPORTANT.



136 Elf ) -- f CE) E : CHD -3112

Let f best . Kfk, ft

le Cf) l E Ifl'D let ⇒ Hell ft

Moreover Elf) =L for f-=L . Hence 1141=1
.

137 Elf ) = { f-G) off Cx) for µ finitemeasure on To, B .

Let f- be at . liftoff - Then
,

lect) I E fo't fall deed E MEO , D )
.

Moreover , Ect ) --M€913 ) so Hell 'll -6,13 ) .
REMARK : we deduce BG if µ= dry .

⑧ let Ee CEGB -7112 be a linear functional s -t .

Elf) ZO whenever f 20 .

let f best . HHlatte . Then I-Hx) 20, fifth.

⇒ celflx) ) E Ect)
- Ecfcx) ) secs)

⇒ - 6h) E E sect)

⇒ IECHXDIE 14131 ⇒ Hells 6h)
.

But Eth = left) so that Hell -_ left) .



We easily deduce 137 as EA) = f. I dyed --Ata D ) .
Spotter : In fact , all nonnegative functionals orenouucg .

weosures ( Rieu -Markov - Kakutani) .
T

on coil]

139qqpµ add ,
HfHp Et

g

+ IS . .-K Sl..- I

⇐ t
.

Hp
Then

, bet heMBKMYIBlo.ms/b--#dHBlo.n1,!dlTfhDlPdy=ndtcdfatTHpco
, n,Poly 2

←"
d
'd

- Toa
Z N
Blan- 2)

= (1- E)
d

→ 1 as n
-so

.

For
P
'

II tf H
,
E f II fell

.

S HFH
.

⇒ 4TH ft

BGM)

and this is attained for fat .



B④ T:@ Cab , H - tho ) → 46,13 ,
Hlb)

.

T
only dorm
of the function

Tf -- f
'

( if fed 6,71 , facto,D ⇒ well def .)

Is Ted cab , Hilal , fetid , H - Ha )) ?

Suppose it is .

Then
,
there is a constant Cst

.

H tf HIC tf c- Clad set
. Htt# I .

(x) Hf 'll
@

EC ttfc-ocabs.t.ltHIEI
.

Let fu -- x? Then fn*=nx" so that

Hfnll
.

-

- t , Hfi ton . It follows from fat

that
nsc knew ⇒ CONTRADICTION

.



④ X - fin .

dim
,
X has basis Lee

,
. .
.

, en }, 11=112
"
.

For x EX ve write x=§xiei .

We can hehe l
"
worm onX

i. e . It x Ha -- if I xil as all norms on 112" I fin -

olim
.

spaces are equivalent) . Iambus is *.#

Then i ty×iei ) = Exileki) = Exiai
n

⇒ lead Is
,.fi#pnKilElxilfsuplail.llxlL.El KIEN

④ X - inf. dim ,
X has basis (possibly uncountable)

deities St .
Nx

• Ex eEB.aiieg.go.jp?n;a*x--Eaieilseou1Nx 5- t

wavy { ej3j⇒

• Ye,y¥.

une EN
, aged

=0 ⇒ 9=0 . ( FFFaround
Take countable subset

,
assume HeilKI and define

Hei) = i
.

Then HEH > i ki . It follows that

HE Ike .



④ REMI , H - th ) ( ie . H Hh-- SHI )
.

Let Yo ( aotoyxt . . - t aux
" ) = Qo ( this may be seen as

a projection functioned ) . We gonna prove
thatE is notout

.

e. ex - ers -- Hi
,

: ::: :
On theother hand

, (x- t )
"

-70 in H - Ha 'because

I

f (x - IT dx → 0 by dominated convergence
0

So we have fu -10 in KGB ,
H ' HD but Etta) H O

.

More generally , if k is fixed , Ek is projection
£ ( ao t - t Qe Xk t . . - t Qnx

") = Qe
,

K is also discontinuous on CP (o, D , H- Hd .

Indeed ,

4. Cxklx -Hn ) = { If i e.If .
Moreover

, fxk (x-Dh → 0 by dominated convergence .

Again , we have fu-D in# Dill ' HD but 4¥) XO iq



④ (X , H . 11×7 normed space .

We know that if CY
,
H - Hy ) is Banach ,

then LCX, Y) is
olso Boned (with operator worm ) ( Lecture) .

Hence
, X*= LCX , IR) is Barack .

④ ( x
, Hkd - normed

( Y
,
H - H. I - Round

⇒ LCKY ) Banach
.

In Reineck spaces [ Hall LA ⇒ Exe Cx ,

be want ETI co .

Ve study 11541
.

Ht'll E ATH HT
" 'll fo . . E l ITH?

So HII HE HIT!
"

.

we have E "I = e'""co .

It follows that EI! converges in ICKY)
.

COMMENT : This is the way
to solve PDFs of the form

Ut
-

- Ah
, Ut = div ( Kulp

-

ku) written as

UF Au for some operator A .

See Helle - Yosida theorem

⑧ Ass 133
.


