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⑦ { 92*+013 ⇐ (Y Lea
,
x > = o ⇒ *o )

.

⇐ ) If {eaten
.

OB , VI x --Eaten , x ) g .

Suppose that Lea , x 7=0 thx
. Then

,
indeed x-O

.

(F) Suppose henna is not OB
,
ie . there is

orthonormal set feather 3 { Ikea .

Then
,

In particular ,
there is some f ,

HEH =L and

f- of sealant .but f is Ilea 3
sea .

It follows that
Lf, en > =D but ft O . Contradiction -

In this way it was proved that {eikxf is
an orthonormal basis of [(o, 2T) .



② leak
, a
OB ⇐ H=spaufeeA3 .

(⇒ ) x = Es x. en en and this series is our
.

Let

in H so each x in H can be written us

on element of spanEeaiLEAT -

⇐1 For if not , there is f It { eaten ,
HHtt

.

As f Isreal ⇒ f I spoken 3⑦

f- A spot} ⇒ FIH ⇒ f -- O
.

Dido : We want Lf
,
x 5=0 VI espana .

There is xn Espoused } , ya→x .
Ve have Sf

,xD
= 0 . So Sfx > = Lf , hairs!n > = fifth xD
= O

.



③ Using Pomerol 's identity ( te lo
,
e ) )

f://otxsfnlxldxf-E.IS/tl**f3fnl*dxl
'

= ! ( Nrc.cat , " , fix ) >
'

Eg
H Hewitt 'll :

= II. txdxl !⇐ t 'T
'

.

⑤ H - separable . Let { xd countable dense
KZI

Set
- Using Grown - Schmidt ve construct {yet

which is orthonormal set in H and

spomcxtx.7-spomlya.TT

We have H=lxz.) = Span(x#.) =
T .

= Span (yn , 42 i - - -

⇒ 4i4¥ sis of H . perfn



⑥ H =L? ( for H - separable )

T.tl → e
'

Tx = ( Lx , ee > ix. ee ) , - - - ) .

• infective : Tx =D ⇒ Lx .ee > = O ki
⇒ x=0 ( by CD ) .

• surjective : yet , x = [ yiei . Then ,
we have Tx = y .

• 111711=11×11
12 H

11 THE -_ Ecxuei >
2
= 11×113, .

V
.

⑦ Vo =L , rn
= Sgm (sin ( Itt))

This is orthonormal set . Indeed frat -- 1 .

Moreover ,

fo't . sgnlsiulzn ITH ) = 0 as sin spends

the same tune above and below Zero
.



Finally , L rn , rm ) =

= f ! sqm ( sin CIT t) ) sign ( sin ( ITH ) ott

>

0 A

sin (2
"

Tt ) oscillates ZITI = 2h
- '

sin ( 2mFt ) oscillate , 23ft = zm
-'

he >m
.

2h
-I

let Ai -- Ki- H Ita , i¥, ] , U Ai -- END
F-I

s . .
.

-

- ski . . - = Elf
,

" fi. - - - ]

On both Ait , AI sin (Itt t ) has constant sign .

But sin ( 2M Itt ) on each of this sub intervals

ispends the some time above and below .

⇒ In, 3 is orthonormal system



But it is not basis
.
Consider na k .

We claim

that fun , ve ) = O ti but nine O.

For f- it
,
i= 2 it is clear

.
For i > 3

f rnvzri = 0 by the same method as
above .

⑧ 8. tf ! ↳ ei > → o i -so.

This follows from Bessel 's inequality .
IT : Various applications of this fact .

⑦ Let H be separable HS , I xn 3h21 - H
bold . Then { xzluz , has a subsequence

converging weakly to some x c-H .
mm



PROOF : We need to find subsequence such that

Link , y > → Cx , y > Hye µ for some
XEH .

First
,
we prove it for y

-

- ei ,
i - 1,2

,
. . .

.

Ue on
CA)

always find subsequence such that Lyn , q ) is

convergent to some ate IR .
Furthers we can find

(2)subsequence of the found subsequence Xm S -t
.

(2)↳
m , ez ) → az n

-s -

( xn
")

, e ,
> → as u → a .

We construct family of subsequences

Xm S (xn
") ) s (xn

") ) s . . . .

such that (xn
"
, ek > → Kk Yea

. . . .
i

.

To obtain one sequence , we define

yn = Xin?



Then
, (yn , er ) → Qi Frew ( because

starting from n=i
, yn C X

l " )
.

This is called "diagonal procedure
"
.

We want ai = (x , ez. > for some x c-H
.

Ue can take x -- EIai ei .

But this won't work

( we don't know anything about convergence of this
series ) .

We proceed differently .

First
, consider G =

= span (ez , ez , - . . ) .
Ou G we can define

6 Cx ) = line (yn , x )
h-s-

E hounded on G : 14h41 seupllynll 11×11.5

⇐Hn llyn H ) Hxll .

As H = I ⇒ 4 has a unique extension
to

H denoted or I and by RRT Fz such that
4 Cx) = ( Z

,
x) .



Coming back to G we see that

Lyn , ei > → Hiei ) n -is

As Spain.) -- H we have

< yn ,
x > ⇒ Cz

,
x > V-xc.tt

.

(IT)
.

so that yn
-

Z
.


