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1 Invitation to Sobolev Spaces
One of the most fundamental topic in analysis is the notion of Sobolev spaces

and weak derivatives. Let f œ Lp(0, 1) where 1 ˛ p ˛ Œ. We say that f is
weakly diÄerentiable if there is a function g œ Lp(0, 1) such that

⁄ 1

0
f(x)ÓÕ(x)dx = ≠

⁄ 1

0
g(x)Ó(x)dx

for all Ó œ CŒc (0, 1) (i.e. smooth functions Ó : [0, 1]æ R with compact support
in (0,1)). If this is the case, we write f Õ = g and we say that g is the weak
(Sobolev) derivative of f . The space of all weakly diÄerentiable functions in this
sense is denoted with W 1,p(0, 1) and is called Sobolev space. In what follows,
we gonna check that weak derivatives make sense (they coincide with strong

derivatives whenever the latter exist) and they don’t see what happens on small

sets (i.e. sets of measure zero). Finally, functional analytic properties of Sobolev

spaces will be established.

(A) Uniqueness
Suppose that h and g are weak derivatives of f œ Lp(0, 1). For all Ó œ CŒc (0, 1)
we have

⁄ 1

0
f(x)ÓÕ(x)dx = ≠

⁄ 1

0
g(x)Ó(x)dx = ≠

⁄ 1

0
h(x)Ó(x)dx (1)

Then, we can simply deduct that

⁄ 1

0
[g(x)≠ h(x)]Ó(x)dx = 0 (2)

And therefore

g(x)≠ h(x) = 0 a.e. (3)
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See COMMENT 3
.

See COMMENT 1 and 2 on how to get 13) from (2)
.



(B) Coinciding with strong derivative
Suppose that f œ Lp(0, 1) fl C1[0, 1]. Let’s denote it’s strong derivative by F.
Let Ó œ CŒc (0, 1). Using the integration by parts:

⁄ 1

0
f(x)ÓÕ(x)dx = fÓ

---
1

0
≠
⁄ 1

0
F (x)Ó(x)dx (4)

We know that Ó : [0, 1]æ R has compact support C ™ (0, 1); Ó(0) = Ó(1) = 0
and we conclude that

⁄ 1

0
f(x)ÓÕ(x)dx = ≠

⁄ 1

0
F (x)Ó(x)dx (5)

which means that F is also weak derivative of f.

(C) Example of f œ W 1,p(0, 1) \ C1(0, 1)
Let’s take

f =

----x≠
1

2

---- , F =

Y
_]

_[

≠1, x < 12
0, x = 12
1, x > 12

(6)

It’s not in C1(0, 1) obviously, but for all x ”= 12 we have f
Õ
(x) = F in terms of

strong derivative. The fact that it is weak derivative follows from

⁄ 1

0
fÓÕ =

⁄ 1
2

0
fÓÕ +

⁄ 1

1
2

fÓÕ = ≠
⁄ 1
2

0
FÓ≠

⁄ 1

1
2

FÓ (7)

The latter two obviously exist (F is constant in terms of these integrals) and

thereby it is equal to ≠
s 1
0 FÓ, namely

⁄ 1

0
fÓÕ = ≠

⁄ 1

0
FÓ (8)

(D) Trivial derivative implies that the function is constant
Suppose that f Õ = 0 a.e. We have

⁄ 1

0
fÓÕ = ≠

⁄ 1

0
f ÕÓ = 0 (9)

for all Ó œ CŒc (0, 1) Let’s fix Ó and denote

Ó = A◊ + ›Õ (10)

where A œ R and ◊,Â œ CŒc (0, 1) fulfill following conditions:

•
s 1
0 ◊ = 1

2



• A =
s 1
0 Ó

• ›(x) =
s x
0 Ó(t)≠A◊(t)dt

We have

⁄ 1

0
fÓ = A

⁄ 1

0
f◊ + fÂÕ = c

⁄ 1

0
Ó where c =

⁄ 1

0
f◊ (11)

Therefore ⁄ 1

0
fÓ = c

⁄ 1

0
Ó∆ f = c (12)

where all equalities are taken a.e.

(E) Norm and Completness
By definition of W 1,p(0, 1) we know that

ÎfÎ1,p = ÎfÎp + Îf
ÕÎp (13)

is properly defined norm (both f, f Õ œ Lp(0, 1)). Let us now show it’s Banach
space. Suppose that {fn}nœN - Cauchy sequence in W 1,p(0, 1). Therefore we
know that both {fn}nœN and {f Õn}nœN must be Cauchy sequences in Lp(0, 1).

Let’s denote their limits by F, g respectively. We will show that fn
Î·Î1,p≠≠≠≠æ≠≠≠≠æ F .

ÎF ≠ fnÎ1,p = ÎF ≠ fnÎp + Îg ≠ fnÎp (14)

Taking the limit as n goes to infinity we have

ÎF ≠ fnÎ1,p
næŒ≠≠≠≠æ 0 + 0 = 0 (15)

So we indeed have convergence. Let Ó œ CŒc (0, 1). We need
⁄ 1

0
FÓÕ = ≠

⁄ 1

0
gÓ (16)

We will argue, that

≠
⁄ 1

0
gÓ = ≠ lim

næŒ

⁄ 1

0
f ÕnÓ = limnæŒ

⁄ 1

0
fnÓ

Õ
=

⁄ 1

0
FÓÕ (17)

It suÖces to say that relation g ‘æ
s 1
0 gÓ describes bounded operator. It is

because

sup

ÎgÎp=1

----
⁄ 1

0
gÓ

---- ˛ sup
ÎgÎp=1

⁄ 1

0
|g| |Ó| ˛ sup

ÎgÎp=1

⁄ 1

0
|gÓ| <Œ (18)

Where the latter inequality follows from the fact that gÓ œ Lp ™ L1

3(171 follows also fwm Hii low inequality , for example

fifi -g) of E Hfi - g Hp . Http , -70 from ltwnrengena
.



COMMENT 1 . Elementary slu to CA)

To see that (2) implies (3) , we can observe that 12)

implies fa g - h = 0 for all sub intervals A- a car) as

standard approximation and dominated convergence .

Now
, suppose that there is E

- Ca
, p]a co,D s

. t
. g
-h >0

oh E and NE) > 0 : By inner regularity of Lebesgue measure,
there is closed FCE set

.

Alf) > O
.

It follows that

Cd
, B] l F is open

and so G. PD If = U (ai, bi) = sun

of open intervals . We have

D= fab g
-h = § Lg- h) + § !! - ht = f. Co, - h )

⇒ contradiction . Similarly ,
when g

- h LO
,

COMMENT 2
. Standard solution to CB)

.

Let f -- g- h .

Fix 8 and consider sgnff ) - Hoo
,
to] .

Use standard mollifier the} where E saz to get

smooth function

E- (sent ' Heo, top* Yet Elon )



Note that Ole → Isnt 11cg
,as

a -e
.

when E -70
. Hence,

I f- 015-0 implies f IH 1kg
,
yo,
=D

. As or is arbiters,
"

of Ift - O and this implies f-=D a - e - in To, D
.

COMMENT 3 .

We can also define WMMR)
,

re IR
"

where the weak

derivative of few
"Kr) is g

-

- Ge . . .
. ,9n )

t ft - lexi = Sgi ' le
Gagner)

so that g=f×i .


