Functional Analysis (WS 20/21), Problem Set 1

(normed and Banach spaces, examples (L?, C*, sequences))
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normed spaces, Banach spaes
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Example 1. Is C[0, 1] (space of continuous functions on [0, 1]) with supremum norm a normed
space? What about C'(R)? What about C'(0,1) (i.e. space of continuous functions on (0,1))?

Example 2. Let |flcn = || floo- Is (C*0,1],] - |c1) (space of continuously differentiable
functions on [0, 1]) a normed space?
Let (X, || - ||x) be a normed space and suppose that {z,},eny C X is a Cauchy sequence.
e Prove that the sequence {z,}nen is bounded: sup,,cy ||| < oo.
e Assume that {z, },en has a subsequence {zy, }n,en such that z,, — = in X. Prove that
Tn, — xin X.
Let (X, ] - |lx) be a Banach space and Y C X a subset of X. Prove that (Y, | -|x) is a Banach

space if and only if Y is closed in X.

Prove that a normed space (X, | - |x) is a Banach space if and only if every absolutely
convergent series (i.e. > ;o [|zx]|x < 00) is convergent in X (i.e. sequence of partial sums is
convergent in X).

LP spaces
We write LP for LP(X, F, u) where F is a o-algebra and p is a o-finite measure on (X, F). We write
| - |lp for LP norm. We know that (L?, || - ||,) is a Banach space (for 1 < p < o00).

B1.

B2.

B3.

B4.

Suppose u(X) < co. Check that LP C L? whenever ¢ < p and

1fllg < (X)775 [ £]lp-

Prove that (in general) assumption pu(X) < oo is necessary.

Consider linear space L%(0,1) equipped with || - ||; norm. Is (L?(0,1), | - |l1) a normed space?
Is it a Banach space?

(Littlewood’s interpolation inequality) Let f € LP N LY for some 1 < p,q < oo. Prove
that for r € [p,q] we have f € L™ and [|f|, < [ fIS[f]|i~<. for some o € [0,1]. Hint: let
o €[0,1] and write 1 = S+ PTO‘.

Let f € LP. Prove that for any pg and p; such that 1 < pg < p and p < p; < oo there are
fo € LPo and f; € LP' such that f = fo + fi. Thus, f can be always decomposed for “better”
and “worse” part. Hint: truncate f at your favourite level.

Spaces of continuous and differentiable functions (C, C', C*, Cy, ...)

CI1.

Prove that space C'[0,1] of functions continuously differentiable on [0, 1], equipped with the
norm ||f|lcr = || flleo + || f/]|c is @ Banach space.



C2.

C3.

C4.

Cb.

C6.

CT.

Let P be the space of all polynomials on [0, 1] equipped with supremum norm. Prove that P
is a normed space but it is not a Banach space. Is P closed in C|0,1]? Hint: Use Problem
A5.

Let [|flla := supyejo,q) | f(2)]- Is (C10,1],] - ||4) a normed space? Is it a Banach spaces?

Let [|fllp := [f(0)] + sup,epo ) |/ (%)]. Prove that (C10,1], |l - ||B) is a normed space. Is it a
Banach spaces?

Prove that the space Cy(R) of continuous functions “vanishing at infinity” (i.e. f(z) — 0
whenever |z| — o0) equipped with the supremum norm is a Banach space.

Counsider space Crrp[0,1] of Lipschitz continuous functions on [0,1], i.e. of functions f €
C'[0, 1] such that
[f(z) = f(y)]

|florp := sup —————== < 0.
TH#Y |:c—y|

a. Is (Crrpl0,1],| - |rrp) a normed space? Is it a Banach space?
b. Is (Crrp[0,1], || - [[c0) & normed space? Is it a Banach space?
c. Is (Crrp[0,1],] - |loo + | - |zrp) & normed space? Is it a Banach space?

For a € (0,1) we define space C“[0, 1] of Hélder continuous functions with exponent «;, i.e. of
functions f € C]0, 1] such that

[f(x) = f(y)]

| fla == sup ~——"——= < o0.
Y |$—y|

In this problem we take (for simplicity) a = % Are the following pairs normed spaces? Are
they Banach spaces? Justify your answer.

Al |- nrp)

)

- (CV/70,1], |-

. (C2[0,1] | 11/2)
(CY20,1], || lloo + | - |21P)
- [0, 1]

- [0, 1]

[a'ENNe)

C1/2 ’ 7H'HOO+"’1/2)
CYV210,1], | lloo + | - [L1p + |- l12)

e

Spaces of sequences [P, ¢, ¢

D1.

For 1 < p < oo we define [P as the space of sequences summable with p-th power and equipped

with the norm
00 1/17
el = (z mv’)

k=1

For p = 0o, we define [*° as complex-valued bounded sequences with the norm
[(@4)721]],, = sup |-
keN

Justify briefly that [P is a Banach space.



D2.
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(Schauder basis for [P) Consider [P where 1 < p < oo and unit vectors e; = (0,0, ...,0,1,0,...)
where 1 is on the i-th coordinate. Prove that for any z = (z1,22,...) € I, > xzie; —

converges in [, i.e. that
n
E xr;e; — T
i=1

We say that system {e;}ien is a Schauder basis of [,. How the situation changes for p = co?

— 0.

p

Consider space of real-valued sequences (xg, x1,x2,...) such that limg_,o, z) exists and equip
it with a supremum norm, i.e. |[(25)32]|cc = supy |zx|. Prove that this is a Banach space (it
is usually denoted with c).

Similarly, consider subspace of ¢ of sequences (xg,x1,x2,...) converging to 0 equipped with
supremum norm (it is usually denoted with ¢g). Prove that it is a Banach space.

(Schauder basis for ¢y) Consider problem D2. with space ¢. More precisely, given unit
vectors e; = (0,0,...,0,1,0,...) where 1 is on the i-th coordinate, prove that for any x =
(@1, 2,...) € co, D_iy Tie; — x converges in ¢y, i.e. that

n
E T,e; — X
=1

Note once again, that according to Exercise D2., this is not the case for [*° but ¢g is a closed
subset of [*°.

— 0.
(o)

Consider subset of ¢ of sequences converging to 1. Can this subset be a normed space (no
matter how the norm is defined)?

Consider set ! with [® norm. Is it a normed space? Is it a Banach space?

Additional problems

El.

E2.

E3.

(Minkowski functional) Let (E,| - ||g) be a normed space and C C E be an open and
convex subset with 0 € C. For every z € E we define:

p(m):inf{a>0:£€C}.
!
Prove the following properties of p which is called Minkowski functional of C:

(a) p(Ax) = Ap(z) for any A >0 and x € F,
(b

(c
(d

plz +y) < p(z) + p(y) for any z,y € E,
there is a constant M so that 0 < p(z) < M||z||g for all x € E,
C={zxeFE:px) <1}

e’ e’ e N

(Minkowski functional as a norm) Under assumptions of Problem E1., suppose addition-
ally that C is symmetric i.e. C = —C and bounded. Prove that p defines a norm on F which
is equivalent to the norm || - || 5.

1

(generalized Holder inequality) Let f; € LPi for i = 1,...,n where > " | — = 5. Prove

that fifo...fn € LP. More precisely, prove the bound
[f1foSallp < I f1llp [ f2llpe--- N fullp -

Hint: one can simplify to the case p = 1, then proceed by induction.

1
Dpi



E4. (generalized Minkowski inequality) Let (X, F,u) and (Y,G,v) be two measure spaces.
Let F: X XY — R be a measurable and nonnegative map. Prove that

/Y pdV(y)‘; S/X

Deduce from this standard Minkowski inequality.

/ F(x,yﬂpdu(y)\’l’du(x).
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