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For f ∈ L1(Rn) we de�ne Fourier transform of f with

f̂(ξ) =

∫
Rn

f(x)e−2πiξ·x dx.

Fourier transform is a continuous isomorphism from S(Rn) to S(Rn). The inverse is given with

f̌(x) =

∫
Rn

f(ξ)e2πiξ·x dξ.

According to Plancherel theorem if f, g ∈ S(Rn) then∫
Rn

f(x)g(x) dx =

∫
Rn

f̂(x) ĝ(x) dx

so that if f = g we see that Fourier transform extends to L2(Rn) by density argument and is an

isometrical isomorphism from L2(Rn) to L2(Rn).

1. For f ∈ L1, ‖f̂‖ ≤ ‖f‖1, f̂ is continuous and f̂(ξ)→ 0 as |ξ| → ∞. This is Riemman-Lebesgue

Lemma.

2. Under Fourier transform:

(A) convolution becomes multiplication: (̂f ∗ g)(ξ) = f̂(ξ)ĝ(ξ).

(B) translation becomes rotation: τ̂hf(ξ) = f̂(ξ)e2πiξ·h where τhf(x) = f(x+ h).

(C) di�erentiation becomes multiplication by a polynomial: f̂xj (ξ) = 2πiξf̂(ξ).

(D) �nd δ̂hf where δhf(x) = f(x/h).

3. Compute f̂ for f(x) = e−π|x|
2
and f(x) = e−xχ[0,∞)(x) (in 1D).

4. Let f ∈ S(Rn). Find all u ∈ S(Rn) such that −∆u− u = f in Rn.

5. Let f ∈ S(Rn). Find all u ∈ S(R3) such that f = u+ ∂21∂
2
2∂

4
3u+ 4i∂21u+ ∂72u.

6. (Heisenberg uncertainity principle) Let ψ ∈ S(R) with ‖ψ‖2 = 1. Prove that[∫
R
x2|ψ(x)| dx

]
·
[∫

R
ξ2|ψ̂(ξ)|2 dξ

]
≥ 1

16π2
.

7. Let g ∈ L1(Rn) ∩ C1(Rn).

(A) Let M : L2(R) → L2(R) be given with Mf = ĝf . Prove that M is well-de�ned, i.e. it

has image in L2(R).

(B) Prove that σ(M) = {ĝ(x) : x ∈ R} = {ĝ(x) : x ∈ R}.
(C) Let T : L2(R)→ L2(R) be de�ned with Tf = f ∗ g. Prove that T is well-de�ned.

(D) Find σ(T ).
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