Functional Analysis (WS 20/21), Problem Set 2

(operators and their norms)
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For the linear map T': X — Y where (X, || - ||x) and (Y, || - ||ly) are normed spaces, we define norm
of the operator T as
IT|| = sup || Tz]y-.
]| x <1

If | T]| < oo we say T is a bounded linear operator. We write £(X,Y") for the space of all bounded
linear operators between X and Y. We write X* = £(X,R) for the dual space of X i.e. space of
bounded and linear operators X : E — R (or X : E — C in the case of complex linear spaces)
called bounded functionals.

In case (Y, ||-|ly) is additionally assumed to be a Banach space, £(X,Y") equipped with the operator
norm turns out to be a Banach space too.

Basic facts on operator norm and £(X,Y)

Al. Check that

Tx|y
sup ||Tz|y = sup |[|[Tx|y =sup ||
willellx <1 zillel| x =1 w20 |1zl x

so that there are three equivalent definition of the operator norm.

A2. Let (X, | -]lx) and (Y, - |ly) be normed spaces. Let T': X — Y be a linear map. Check that
the following conditions are equivalent:

a) T is a bounded linear operator,

(a)
(b)
()

)

(d) T is Lipschitz continuous (i.e. ||Tx1 — Tx2|ly < C||x1 — 22| x for some constant C').

T is continuous at 0,

T is continuous,

A3. Let (X, - ||x) and (Y,]| - ||ly) be normed spaces. Justify briefly that £(X,Y") equipped with
operator norm is a normed space.

A4. (bound on composition) Let (X, | -|x), (Y,|l-|lv) and (Z, || - ||z) be normed spaces. Let
T:X =Y and S:Y — Z be bounded linear operators. Check that ||S o T < ||S]||T]-

Computation of the operator/functional norms

Bl. Let E = {u € C([0,1]) : u(0) = 0}. Justify briefly that £ with a supremum norm is a Banach
space. Consider a linear functional ¢ : E — R defined with ¢(u) = fol u(t) dt. Prove that
¢ € E* and compute norm ||¢|| of this functional. Is there uw € E such that ||ul|s < 1 and

p(u) = llell 7

1
B2. Consider a linear functional ¢ : C[0,1] — R defined with o(u) = [2 u(t) dt — [1 u(t) dt. Prove
2

that ¢ € (C[0,1])* and compute norm ||¢|| of this functional. Is there u € C|0, 1] such that
[ulloo <1 and @(u) = [l 7



B3.

B4.

Bb5.

B6.

BT.

BS.

BI.

B10.

B11.

B12.

B13.

B14.

Consider functional ¢ : I — R defined with ¢(u) = >2°; shu, where u = (ug, u2,us, ...).
Prove that ¢ € (I1)* and compute its norm ||p||.

More generally, fix v € [* where v = (v, v2,vs,...). Let py(u) = > 72, vpup where u =
(u1,ug,us,...). Prove that ¢, € (I1)* and compute its norm ||p,|| in terms of v.

Consider functional ¢ : g — R defined with ¢(u) = Y22, 5-u, where u = (u1,u2,us, ...).
Compute norm ||¢l| of this functional (i.e. sup, .. <1 |¢(u)|) and prove that ¢ € (co)*. Is
there u € ¢g such that ||ulls < 1 and p(u) = [|¢] ?

For u € C[0,1] we set ¢(u) = f (5). Prove that ¢ € (C[0,1])* and compute its norm.

Let 4 be a Borel measure on [0,1] and ¢,(f) = fol f(z)du(z). Prove that ¢ € (C[0,1])* and
compute its norm in terms of u. Compare with Problem B6.

Let ¢ : C[0,1] — R be a linear functional such that ¢(f) > 0 whenever f > 0. Prove that
¢ € (C[0,1])* and compute its norm. Compare with Problems B6. and B7.

(averaging operators) Let 1 < p < oo and T : LP(R?) — LP(R?) be defined with

1

OO = 5B fo 7O

where B(y, 1) denotes a unit ball with center y € R%. Check that T is well - defined (i.e. it is
LP-valued), prove that it is a bounded linear operator and compute its norm.

(discrete derivative) Let 1 < p < oo and T : [P — [P be defined with

T ((an)n>1) = (an+1 — an)p>1.

Check that 7" is well - defined (i.e. it is [P-valued), prove that it is a bounded linear operator
and compute its norm.

Let 1 < p < oo and consider operator T : [P — [P defined with T ((ap)n>1) = (#&) oy
n>

Decide whether T is a well-defined bounded operator and if yes, compute its norm.

Let 1 < p < oo and consider operator 7 : LP(0,1) — LP(0,1) defined with (Tf)(z) = f(x?).
Prove that T € L(LP(0,1), LP(0,1)) and compute its norm.

(multiplication operator) Let 1 < p < o0, g € L*®(X,F,u) and consider operator T :
LP(X,F,u) — LP(X, F,u) defined with (T'f)(z) = f(x) g(z). Prove that T' € L(LP, LP) and

compute its norm.

Let T : (CY0,1], | “ [loo) — (C[0,1], ]| - loo) be defined with T'f = f’. Is T a bounded operator

More on linear functionals

C1.

C2.

Let (X, || - ||) be a finite dimensional normed space. Prove that any linear functional on X is
bounded.
Let (X, | -||) be an infinite dimensional normed space. Prove that there is a linear functional

on X that is not bounded.



C3. In infinite dimensional spaces even “projections” can be discontinuous. To see this consider

C4.

space of polynomials P[0, 1] equipped with L! norm on [0, 1].

a. Let g be a functional defined on P[0, 1] with
wo(ag + a1 x + ag 2?4 .+ an ™) = agp.

Is o € (P[0, 1], || - |1)*? Hint: consider o((x —1)™).
b. More generally, let ¢, be a functional defined on P[0, 1] with

vr(ag+ a1z + ag R R anx") = ag.
Is oy, € (PO, 1], ]| - [1)°?
Remark: This pathology will not happen in Hilbert spaces.
Let (E,|| - ||g) be a normed space and ¢ : E — R be a linear functional on E.
(a) Prove that if ¢ # 0, then there is a one dimensional subspace F' C E such that
E=kerp® F

i.e. for all z € F, there are uniquely determined y € keryp and z € F such that ¢ = y+ 2.
(b) Prove that ¢ € E* (i.e. it is bounded) if and only if its kernel is closed in E.

Completeness of £(X,Y)

D1.

D2.

Ds.

D4.

(dual spaces are always Banach) Let (X, || - | x) be a normed space. Justify briefly that
the dual space X™* of bounded linear functionals on X is a Banach space.

(extension from dense subset) Let (X, || - ||x) be a normed space and (Y| - ||y) be a
Banach space. Suppose that D is a dense linear subspace of X and T": (D, ||-||x) = (Y, |- |lyv)
is a bounded linear operator. Prove that T has a unique bounded extension

T: (X |- lx) = & ly)
such that B ~
Tx=Tx forx €D and HTH[:(D,Y) = ||THL(X,Y)
Hint: If x € X \ D, there is a sequence (2 )neny C D such that ||z, — z||x — 0 as n — oo.

(exponential of the operator) Let (X, ||-||x) be a normed space and (Y, ||-||y) be a Banach

space. Let T': X — Y be a bounded operator. Check that the series > 22, Tk—’f converges in
L(X,Y). This is usually definition of e”. Note that this generalizes e for A € R"*",

(inverse operator) Let (X, | - ||x) be a normed space and (Y, || - |y) be a Banach space.
Let T : X — Y be a bounded operator such that ||T]| < 1. Check that the series > 7o, T*
converges in L(X,Y).



