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Topic 6 : Toolbox for compensated compactness ,

1
. Negative Sobolev spaces and connection with

-A operator .

2
.

oliv - curl lemma

3
.
Murat lemma

Motivation : formulate general results on products
on weakly converging sequences ( say un

or
,

Wnt u ; when um
- un
- u - w Z ) .

In general , it's

not true ( consider sin4nx ) ) .



1
. Negative Sobolev spaces

and connection with
- is operator .

Definition : we write W
-"M U ) for the dual space•

of W !"KU) equipped with the usual deal worm

" hell -- ftp.orcu,
"m

Hull E t

we write EE W
-

Yoo:( U ) if ye hi
""
(K) for each

compact Kcc U .

Remark : some people define W
-""

( U) as a drool space
of W! 9 CU) .

Unless q=2 ,
it is always important to .

set up notation .

Remark : Mostly , we will be concerned with ht! Rh)
so we restrict our attention to hi

"
Mrl for I hold

.

Remark : We set up hierarchy of negative Sobolev spews.

For usual Sobolev spaces we have Wolak c Wo
" 92

when

92 son .

Here
,



W
-

" oh
-Cr) c W

-"
92ft ) 92<9 ,

Indeed
,
when Cee W

-"once) ⇒ he is bold functional

on W "ooh-Cr) s Wo
""

2Cr) ⇒ E c- Wo
- "
941)

,

a
.

Cas
q
'
> ga

' )

There is a nice trick to move between positive and

negative Sobolev spaces .

FACT I . let 1 Lorca .
Then

, for each 6 C- U
-"" fr)

there exists a unique solution to

-

buy = le r
U = 0 Or

( in the sense that f true - tu = le (v ) Are w !' 9
'

Cr)) .

Moreover
,

-

b is bijective as a linear operator
-A : Wo

" or
→ W

-"9

and there are constants { HEH
w
-hors Huett wages

£ C Nelly-nor .



PROOF
-

Cq-- 2) . Recall Lax - Milgram lemma i given coercive,
bounded and lilinear form alum) on Hilbert space H , for

each l Etf 7 !weµ at. alum ) = Nv) Yeti -

let a Cu
, v ) =L ru - ru

,
H -- Wo
"
Cr )

,
1=6←HE

= WITH . Hence
, we get the unique solution -Ue .

Moreau

Hylton. =L Heel
'

= Ecue) E HEH Ha cell won

⇒ Hua Hwi . . E Hell . let C-AT : W
""oh→ Wo

'"
G)

.

so that E I lie .

• the nap is injective i indeed when Ug = O

⇒ E -- O .

• the map is surjective
'

. if u y c- Wo
"
is fixed , we

may define E = - AUy t w
-

to defined as

64) = S rug . 1701
It follows that EAT

' ( E ) = Uy .

It follows thot to 51 is a bounded isomorphism bet -



https://people.math.ethz.ch/~salamon/PREPRINTS/pde.pdf

I

been two Banach spaces . Inverse Mapping Theorem implies
Hot its inverse is also bounded .

A
-

PROOF ( case ope Cho ) ) . This involves few techniques
from singular integrals , Calderon

- Zygmund theory and

regularity theory for elliptic equations. The complete
proof can be found here :

S

( Lecture notes " PDEs in geometry
"

by D .
Salamon@ ETH

Zurich ⇒ chapter 3 and 4 contain the result ) . I

In case op
-

- 2
,
we will need better regularity estimate:

FACT 2 (HR regularity ) .

let u c- Hf Cr) be a weak sin
to -Au

-

- f with f c- L2Cr) and Dirichlet bold wind .

Then we tie and there exists C sit . Hulbert CHIH , .

Proof : Theorem 4 is Section 6.3
,
Evans

. This is based

on testing equation with difference quotients .
A .



Using facts t and 2 , we can prove everything else -

LEMMA ( Interpolation in negative Sobolev spaces) .
Let A < go Lgcq, c- with Iq - Aq t tf . Suppose
that Ye W

- "%G) n w
- "% Cr)

.

Then
,
E c- W

-"" and

we have estimate

11611what 4g, go.gr) H Eth g. HEHE .

PROOF : We transform the problem to positive Sobolev

spaces and apply Hilder .inequality .

Indeed , lee W
-""o ⇒ Fuyewnovo le = - DUy

le e hi
""

⇒ Fuge way , he = - DUT
I

tee hi
" or ⇒ FEE chirr E -- - buf

we claim that u
y
-

- Ty = Fey .
Indeed , we have

uniquenessfor each of these problems . for instance
,
if

Eye W
" or⇒ UTE W

"% so it solves ex . also in W"?



Applying Holder inequality
Hue Hq E Hue "F! " hee "II .

Coming back to negative Sobolev spaces :

116 Honor E CHE Hifi. Hell fine . .

a
.



2
.
dir- curl Iemma

.

LEMMA .
Let {um 3 ,

{won } be two vector fieds such

that :

• they are bounded in theCW)
• {olivvnl is compact in Hj:c ( IRD
• { curlWn ) is compact in HII ( IR

"

; M
""

)
.

Suppose that un - v
, Wu
- w in too .

Then we

have won
-

un- w
-

v in 2¥in the sense of distr .
PROOF. The main tool is to apply Laplacian trick .
we fix some bold re IR

"

and define Un as

{ → the I won minor ⇒ Hunkier E C
.

As a motivation , we compute (i is fixed ) :

div tuning.

'

- uh
,xi ) = filming.

- uimxilx
;

-

n

= E u:*;
- ⇐ uh ,xixj

= - Wnt - div ( Un
,
xi )

j =L



div ( un! y.

- uimxi ) = - Wnt - hiv fun,xi )
- i

-

y
i Zn
n

i

⇒ Wm = Zin t yin or Wn
= Zant yn (as vectors)

.

Sequence Zn can be written as - ti dir un .

Sequence yn is compact strongly in Pfe) : indeed ,
cure un is compact in H

- I
⇒ curl un is compact

th H
't

so dir curium is coupout in Ict) .

Now , ve write / un -

Wn E = f vmfzntyn) E =
= f una zu Et f miYuk .

For the second term
, un
-

v in L2 but yn→y
in L
'

so Vayu
-1

Vy in L? for the first term

f. hi Zn ' E = - fun. tdivun E = f div un - drunk

+ fun - PE divan



Warning : the 2nd term has to be understood os :

(div un) ( dir un E ) as dir un is only in H
- t
.

Term (dir von) ( div an E ) : we know that di run→dirr

in H
"
and div un E → dir u E (as un is bold in the

⇒ dir un bold in H1 ⇒ div un compact in L2) .

Hence

I@run) Colin un E) -Colin v) (div u E ) l E

E Riv un- dir u ) (div un E) t div v (div un- diva) E
-- -

→ O in H
- I

hold in tf - O in H
"

.

Term f un - DE -div un : as un bold in H2 ⇒

oh- v un is compact in L2 (strongly) by Bellick
.

As un-v

really , product of healthy and strongly converging
sequences , converges to the appropriate limit. We conclude

fun 2-rule → Div v ) (diva E) + I V DE dir u

= -f v ( x diva ) E = I v z E
.



Frually , fun Wn E → Sv 2- Et Ivy E =

= fvfzty ) E = fr w E -

I
.

[in homeworks : one simple application and another

result of compensated compactness type

compact
in time

x
compact
in space

- compact. ] .



3 . Murat Lemma and some compact subsets in
negative Sobolev spaces .

For applications in conservation laws
,
we need a

better understanding what is compact in negotureSobolev
spaces .

Example : if { ful is compact in Ecr) ,
then offa is

compact in H
- '
Cr)

.

Indeed , when f-
e
-s f in

Hoxha- Q f HH- i - ftp..cn, I⇐
Hoxie s

1141kt

S HH-Hz HQ Elle s tfifth→ O
. a

Example 2 : in view of - Duk = f,
we have fuel

is bold in W
"

o

'
Cr) ⇒ { fu } is bold in W

- hiHr)
.

I

Now ,
we prove that bounded measures form a cowpat

set in W
-"V

.

This requires that whom act.
which holds when

q
is sufficiently large ( q

'
> rn

,

h is the dimension of the space ) .



LEMMA
.

let 917 h .
let 9hm } be boarded in Mfr)

with total variolaon . Then fail is compact in W
-"
Yo!

PROOF
.

let B = { u e Wo
""

'

Cr) : Hulk 13
.

BoCED

and actually B cc CCI )
.

Fix E 70 and choose NCE) - functions k , - - y Ence)
G

(CI) such that
me,

B c U BC hi , E )
F- 1

We may always find subsequence fine
-

µ weakly-*.

We claim that time→µ in W
""
! Indeed

,

Anne- all win = SEE 144km.
-

n) =

-

fit; ( KY
- hee;D denim t f Yin fun .-n]

← 2E sunt Munthe YE .ua, Hindbrain
)

E 2E snap YunHtv as he→
o

'

a
.

As E>o is arbitrary ,
we conclude the proof



q
'
> u means Iq ,

s In ⇐ Iqs I - In = My⇐
⇐s q

s # = cat
.

[Homework ] If I } bold in LMA) then# new
is

compact in W
-"or for q L p

't

.

LEMMA (Murat) .
Let 14122 be a bounded domain

,

A coupact in W
-" '
Carl

,
B bounded in MCM and

C bounded in W
- "Pcr ) for some p 72 .

Then
,

any D at
.

Dc (At B) nc is compact in W'
"Yr)

.

PROOF :
.

Note that B is compact in W
-" 9 for q SF ,

=L
.

It follows that At B is compact in W
- "t
foray

952 . Finally , D is coupout in W
-"

96122) and

bounded in W
-"
P (p> 27 . Interpolation inequality

proves that D is compact in any W
-"r

( r sp ) ,

in particular W
'
' '
as desired

. I
.

( Various generalizations of this lemma one possible) .


