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Topic 6 : kinetic approximation for SCL

In the lecture it was proved that there is a solution

to the kinetic approximation

of fact ,x.2) + a (2) e th, f,Hix i 2)

1- X (fact ,x. 2) - Xkiuxltix ) ) ) = O

where yHix) = f fact , x , 3) d2 and initial

K

condition for f, lo , x , 2) Ii foGR) is given .

The solution was constructed in the Banach space

¥-45053 ; L'×
, z
)

we also let X
,
-

= C Kat ) ; L1 )
.

Problem 1 : Existence was proved with B FPI For

V EXT we solve



It fa + aK) - R, fat Alfa- XK, v Hix))) .

= 0

Then
,
we define OIG ) = fpf.tt , x ,2) ok

.

(we keep initial condition f, I+⇒ = fdx . 3) ) .

This is well- defined : we know that for linear problem

of f ta - tix f t Af = guy 1*1
C- Koc tix , 2

f- It⇒ = fo ) c- L
'

there is a solution f e Yt , in particular ff ok
belongs to Xp .and the map is well

- defined .

LEMMA
. I :X ,-→Xt is contractive .

PROOF
.
Let us , vz C- Xi -and f

,
,fz= Ily ) , Ely) . Then

f , - fi solves

off fifa) + aG) a tf (fifa) t d (f, -fz) =

= it ( XK , uh- XK,vz )) .



be know from the theoryof linear equation thot

F- fault't '¥
.

't ' ' foe!! -

Using this with y -- XK , un ) - XR , vz) we deduce

offflfifaltdflfifzlfdflXGH-XK.ua/lkdxlRlkdxlk lkdxlk

⇐ dfpgglvaltix) - valet, x) / ( by contraction property).

SHH - vzllx
,

-

Multiply this with edt to get

oft !
#

eat tf- fat E dit Hy -valley .

⇒ ett
,
!×µlf, - fzldxok f Hy -vzllx, filed toft

= Hun -belly
,

I e
'T
-1)



⇒ f tf. - fat E ( t - EXT ) Hy -vzllx
,

1124112

But fed ly -Ual = ↳ Iffy d2 - ffzdzldx ER R

E S fr Ha- fzldzdxKd

⇒ Hua- uzllx
,

t ( t- e
-ht
) live-911¥ .

noaa

Problem 2 : to estimate in the proof .
let

A-
•

E
'

inf { A > o : fly ,27=0 TRI ZA }

LEMMA . If fo th
. }
and satisfies sign property

then
. Huard Hot Ax
• f- (tix , 2) = O ht

121 > Are .

PROOF : we first prove that the subset of Xt
given with Hr (tix ) Hy t Ars is invariant underE .



Indeed
,
if Hull
,

E Aa
,
then representation formula

for f is
2=0 for 121 >As

f- (tix , 2) = felt - alot, z) e-
it
+

+ d ft e- is XK ; v H-six - olds)) ds .-
SAI

= O for 121 > Are

so we get f Hix , 27=0 for 131 > Ao . Using the

sign property ( representation formula shows that if
ID satisfies thesign property , the same is true for

the solution )
, #

ult , x ) = IffHix , 2) d2 - f
.

! lfltix ,3) 1dL

⇒ tuttix) Is wax ( f?fHxR)d3 , fifthx.2) ok ).
As IfKI and f is supported on 12k As we obtain

that Kulla EA- is invariant for OI.



Now , there is general simple fact that if one uses
Bf PT for OI : Xt→ X

,
and XT has closed subspaceZ

invariant under OI then the fixed point belongs
to

Z ( otherwise we can apply BEIT ifor of '
.
2-→Z here

we use invariance ) and get contradiction with

uniqueness of the fixed point . And

problem 3 : corollary 3.6.2
LEMMA : kinetic approximation equation can be
written as

¥ fat old - R, fx = f-zm.ft.az)

for Md nonnegative and bounded
.

Moreover
, it

satisfies the following estimates :

ti ) for all convex S with S
'
ooundeol and

slot = 0 we have

f- frasers
"

Kima Hix ,HE ¥1,5121 fixed okdx.



Iii ) for all f e IR bold fansvanishingatIx.

% ,pie
mxltix . 3) dxdt f Mk) c-do GR)

where

peek) - Nz>o " folly ( Rdx kph
+

+ Nuo Hollyfield
- no , 2) )

and Mattix ,31=0 for 131 > A
,

-

PROOF : Recall that in the first tutorial on kinetic

formulation be proved there is mcz) sit .

H2 ,
u) - f,ft , x) = fz m (3) ,

me Cock)
MZO

with u
-

- f fax) dtdx .

Hence
,
existence of Md is

clear
.
To obtain the first bound we multiply egh

with 5k) to get



5937 It fat data oaf,
- fzma 'S

'

Formally : f Iz ma - S
'

k) = - f malt ,x.3) s" K)
We consider test functions

Erith TIL ten TIL
,

"
m tf r

tent

Thing
"

- fqenlt) s ' fattah dt
= - fo

"
"

s
'

(3) fact, x.Ddt → - Staffan ,

(2) fs' a fa -

th, y
'

→ 0 by
IHZN '

integrability
T

⇒ fff malt , x. 2) s " ottdxdffslklf.GR/dxdz
°

- f 5437 HT, x.3) dxok



It remains to see thot - f s
'

HT, x. 37dL
SO

.

From X ( 3 , uh x )) - f- ( tix , 3) = of metric )
we get

scuttled) - f 5437 Htm 37dL = - Ss" met,xx)

so the estimate is satisfied for nonnegative S .

f- frasers
"

Kima Hix ,HE ! f. s
'

K' fixed okdx
.

(by sending T-so after using f s
'
B) fax ,3) Zo ) .

Using point Liu) we know that my vanishes for

Kl > Aa .

Hence I Sk) IS lls "lls . 131 so we can

consider 5127=513) t 11541
,
A
.
and get the

result for all S without nonnegativity assumption

"

REMARK : Note that it is not possible to sendTso
in the definition of 6mA) as fd E) LI

, × . }
(it

is
"

only
"

G. Kaz ) .



( proof Ctd ) As in the lecture , fix I >0 and

consider 5137--13 - 3)
t
so that s

' 131=11
,> z

and S
"
(2) = q=z

.

.

Note that S is nonnegative

⇒ f
-

fro, malt , x.6) dtdx s
s f

,µ
,
f
, >↳
folk) did} = Holly ,poke

. .
.))

For { so we choose S (2) = G- IT so that

s
' k ) = - Azaz

.

and S
"

K) = 8z⇒. . Note
again that S is nonnegative . Hence ,

f- find Mattix .
3.) dtdx E

£ fad fz , I fo ka 3) died }
= ! 1%1 foldxd?

Finally , for Kol > As we take s supported for

131> A and strictly convex and SZO . Using

bound above we get



A ↳
f) f s " malt, x. 2) dzdxoltffff.fr . 2) she )dzdx
° lkdlk# for 131> Are

Tm

-
= O

ZO

⇒ fsfs
"
(2) malt.KZ ) - O .

But S
"
K ) >Oso

Kl>As

that m,
= o for 131 > Ax . ha


