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Basics

The very basics
The main concept

The very basics — syntax

Modal p syntax

¢ — T|plx|-¢level Oplpx.e

p is a propositional letter (Prop), x is an individual variable
(Var) and construction ux.y is allowed when every occurrence
of x in ¢ is in range of even number of negations.
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Basics

The very basics
The main concept

The very basics — syntax

Modal p syntax

¢ — T|plx|-¢level Oplpx.e

p is a propositional letter (Prop), x is an individual variable
(Var) and construction ux.y is allowed when every occurrence
of x in ¢ is in range of even number of negations.

Normal form

Op = - - and vX.p = ~uX.—p[X = -X].

Thus we obtain a normal form for x formulae by pushing
negations as deep as it is possible. We get:

¢ — L|T|pl-plx|-x[eveleve| Celop|ux.plrx.e
Where ux.¢ and vx.¢ are allowed when there are no -x in .
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Basics
The very basics
The main concept

The very basics — semantics

Kripke models

M =(M,R, V) is a Kripke model when (M, R) is a graph and

V : Prop — P(M) assigns values to propositional letters.

A valuation (assignment) 7 : Var - P(M) assigns values to
individual variables.

We define [¢]a.» — a subset of M of points in which ¢ is true in
a usual way. Recall that:

[ux.elmr = (WAEM : 0] pmrix-a) € A}

where 7[x := A](x) = Aand 7[x := A](y) = 7(y) for y # x.
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Basics

The very basics
The main concept

The very basics — fixpoints

Finding fixpoints
Fix ¢, x, M and 7. There is « such that

[1x.0]m,r = o5 (2)

where ©3(A) = [l mrpe-as @5 (A) = ox (95 (A)), and for limit
ordinals \: goX(A) UBQ@X(A)
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Basics

The very basics
The main concept

Definition
We say that a modal p—formula ¢ fixes after o steps in x when
« is the least ordinal number such that for all M and ,

[1x.©]m,r = o5 (D)

We denote it by Ox(¢) = a.

Marek Czarnecki How fast can the fixpoints in modal .. calculus be reached?



Basics

The very basics
The main concept

Definition
We say that a modal p—formula ¢ fixes after o steps in x when
« is the least ordinal number such that for all M and ,

[ux-olm,r = 0% (2)

We denote it by Ox(¢) = a.

What is it all about?

We investigate after which ordinal numbers of steps modal 1
formulae may fix.
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Fast and slow formulae Some formulae never fix

Some formulae always reach their fixpoints fast
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Fast and slow formulae Some formulae never fix
Some formulae always reach their fixpoints fast

An example

Ox(ox) is undefined i.e. ox goes forever.
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Fast and slow formulae Some formulae never fix
Some formulae always reach their fixpoints fast

An example (2)

Proof:

We show that there are models in which ox needs more than
any given number of steps to fix.

We use an assignment of trees to ordinal numbers. To 0 we
assign just a single point — a root. For oo + 1 we construct the
tree by taking a new point to be the root and attaching to it the
root of the tree for «.. For limit ordinals A\ we construct the tree
by taking a new point to be the root and attach to it all the roots
of trees constructed before o < \. It is easy to see that in a tree
assigned to A formula ox fixes after A + 1 steps — thus Ox(oOx)
is undefined.
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Fast and slow formulae Some formulae never fix

Some formulae always reach their fixpoints fast
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Fast and slow formulae Some formulae never fix
Some formulae always reach their fixpoints fast

Examples for a < w

Let op=oOx AD™! L.
Then Ox(en) = n.
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Fast and slow formulae Some formulae never fix
Some formulae always reach their fixpoints fast

Examples for a < w

Let op=oOx AD™! L.
Then Ox(en) = n.

Fact
For k < I,

ok Laol 1=of@ % Lal)=0f L
and

Elk 1 \/DI 1= DI 1

L
3
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Fast and slow formulae Some formulae never fix
Some formulae always reach their fixpoints fast

Examples for a < w (2)

Let o =Ox An™! L.
Then Ox(ox Aa™' 1) = n.

Proof
Fix n e w, a model and a valuation
+1(®) [[\/nH(D’HJ_ A DnHJ_)]] IIDnHJ_ Avn+1 ’+1J_]]
[[ n+1J_ AD”+2L]] [[Dn+1j_]] Son(g)'
This gives the upper bound for number of iterations of ¢,. For
the lower bound consider models assigned to finite ordinals.
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Can we control the number of iterations for w and above? How do fuses work?
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

Inspiration

Inspiration

Our investigation is motivated by a question asked by Damian
Niwinski whether there exists a formula which fixes after w + 1
steps and, in a broader sense, whether it is possible to control
the number of iterations of formulae above w.

Mikotaj Bojanczyk’s conjecture
The formula (Ox A0p; Apq) v (OXx AOpPy A—=pq) vOL fixes in
w + 1 steps.

The main result

Mikotaj Bojanczyk conjecture is true. We generalize this result

showing formulae that fix in o steps for all a < w?.
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The formulae

Forn>0and0<i<nlet C'=-py A--- A=pj APis1 A=+ A Pp.
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The formulae

Forn>0and0<i<nlet C'=-py A--- A=pj APis1 A=+ A Pp.

The formulae

°
n-1 n-2

Yun=\V (OxAC'ADC) v \/ (ox A CLy AOCT)
=0 i=0
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The formulae

Forn>0and0<i<nlet C'=-py A--- A=pj APis1 A=+ A Pp.

The formulae

n-1 n-2
Yun=\V (OxAC'ADC) v \/ (ox A CLy AOCT)
=0 i=0

m-1 i .
Vornim = Vun Vv V (@XA ADCIADTICH )
i=0 j=0
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The formulae

Forn>0and0<i<nlet C'=-py A--- A=pj APis1 A=+ A Pp.

The formulae

°
n-1 n-2
VYon = \/()(<>x ACl'ADCT) v \/()(Dx AChyAOC)
I= /=
°
m-1 i 1
Yonem =YuwnV V (@xXA ATCIAD™" C]y)
i=0 j=0
°
Puwnim = Yonrm vV O L
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The main lemma

Let k >0, w-k <o <w?. Then

(ak px A ac[ux.ea]) = ac (o)




Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The main lemma (2)

Proof...:

Fix M = (M, R, V), T and ae M. There exists 5 such that
ae (o). We proceed by induction on 3.

The base step and limit steps are trivial.

We need to show that
Vk>O0Vw-k<a<w?[(@aEpcracpl (@) = aecpk(2)].
Fix k>0andleta=w-n+m, forn>k and me w. Let us
assume that ak py and a e gog(Q). Since 3 =~ + 1 we have
ac oo (pa(@)). By the definition of ¢,, one of the following
cases must hold:

Marek Czarnecki How fast can the fixpoints in modal .. calculus be reached?



Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The main lemma (3)

@ aro L —then ac (o) c (@),

@ ar C' AnC/ for some | < k — since a = pk, and there exists
t such that aRt and t € ¢/, (@). Therefore t = C which
implies t £ py,1. By the induction hypothesis, since
te o) (@)and t E pq1, we know that t € g, (M)(@)
Because w- (/+ 1) is a limit ordinal, there exists s € w such
that t € 0*$(z). Therefore

. (1+1
ae 25 (2) c 02" () c g (),
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The main lemma (4)

@ ar C,+1 ADOC] for some / < k-1 —since ak py, and for all ¢
if aRt, then t € ¢/ (2). Fix such t, then t £ C/ and therefore
t E p;1, SO by the induction hypothesis t € ¢q, “*”(@)
Thus ae 02"V (@) c vk (2) since I < k - 1,

@ In other cases, namely: ‘
ar VI (Ox A NG A0 C) ), ar Cf which means
ae-p;fori=1,...,n, but this is a contradiction since k< n
and we assumed that a = p.
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Can we control the number of iterations for w and above? How do fuses work?

e Can we control the number of iterations for w and above?
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

Corollaries of the main lemma

Global view on fuses:

If a point in which p; is true is in the least fixpoint of ¢, it has to
be added to it fast, that is after at most w - i steps. After that
number of iterations the fuse p; melts and no more points in
which p; is true may be added to the fixpoint.
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

Corollaries of the main lemma (2)

Local view on fuses — an example:
Let us consider the formula:

Pu2+3 = (OX A CEATOCE) v (OXx A CFADCE) v (Ox A CFADCE)V
v (ox A C5 A0C?) v (ox A C5 AOC3 ATPC?)v

v (Ox A C5 AOC3 AO2C3 ATPC?)

Recall that C3 = py A pa2, C? = ~py A p2 and C5 = —py A —Pa.
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

Corollaries of the main lemma (3)

Local view on fuses — an example (2):
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The main theorem

For every a < w?: ¢, fixes after a steps.

Proof...:

If there exists i < n such that a = p;, then, by lemma we know
that a e 0%/ (@) € P& ™M () = ©2(2), since ae 2" ().

Let us now assume that fori=1,...,n, a= -p; holds. Since
ace ,(pa(2)), then by the definition of ¢,, m> 0 and one of
the following cases must hold:

@ a0 L —then trivially a € ¢%(2).
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The main theorem (2)

° anz/\’ o CIAD™CI ,, forsome i=0,...,m-1 and for
every t such that aRt, t € o5 ().

We proceed by induction on / to show that if

ar N_o@Cl A0 Cl_y, then ae o™ (g).

For the base step let us assume that i = 0. Then for all ¢ such
that aRt, t = C]_, holds. Therefore t = p, and by the main
lemma, t e o ”(@) Thus a e =™ ().

Suppose now thatfor 0< i<k <mif ar Al,O/Cj A0 C_,,

then a e =™ (). We show that for 7 = k this implication holds
as well. Suppose that ai= ALy O/Cj AT CY_ then for every t
such that aRt, t = \fS)' D/C) A0*C_, holds. Therefore, by the

induction hypothesis t € 0™ (&), and thus a e ™ 1 ().
Hence, for every such case a € ¢“ ™" (2) = p2(2).
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The main theorem (3)

@ In other cases, namely when
ar V1 (oxACPABCT) v VIE(ox A Cl, AOCP) also
ar CM1 holds, for some i = 1,...n- 1. This means that
ak pp which is a contradiction, since we assumed that
aE -pp.

This shows that

va'(2) = pa(2)
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Formulae with fuses
Can we control the number of iterations for w and above? How do fuses work?

The main theorem (4)

For o < w? we can construct models in which ¢, fixes after a
steps.
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What next?

Open (?) questions

@ Are there basic modal formulae that fix after w? or more
steps?
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What next?

Open (?) questions

@ Are there basic modal formulae that fix after w? or more
steps?
@ Are there u—formulae that fix after w? or more steps?
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What next?

Open (?) questions

@ Are there basic modal formulae that fix after w? or more
steps?

@ Are there u—formulae that fix after w? or more steps?

@ Is there a formula that behaves as an w—counter (at least in
big enough models), that allows us to count uses of O up to
w?
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What next?

Open (?) questions

@ Are there basic modal formulae that fix after w? or more
steps?
@ Are there u—formulae that fix after w? or more steps?

@ Is there a formula that behaves as an w—counter (at least in
big enough models), that allows us to count uses of O up to
w?

@ Is it decidable whether Ox(y) is defined, given ¢?
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What next?

¥ A. Arnold and D. Niwinski.
Rudiments of u—Calculus.
Studies in Logic, Vol 146, North-Holland 2001.

@ G. Fontaine.
Continuous fragment of the p—calculus.
Lecture Notes in Computer Science, Volume
5213/2008:139-153.
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What next?
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