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Problem 1
.

IA) dat ultixttb ) = utft , xttb ) + built, .. )
= o ⇒ ths ult , xttb ) -

constant

⇒ u lo , x ) = ult , xttb )
" T⇒ x - y

- tf
now

⇒ left,y7= Uo ly- tb ) ,

(B) If up , he one two C
'
solutions then

un- uz is a solution with init.- and O .

⇒ by CA) un
-

UFO .

(c)
We know u't , x) -- u . (x - th )

u
' ( tix ) = no ( x - tbh

Iu'-u't E luolx - th ) - noG-th) IE

E luol
up
t th - bzl

.

(D) Directly I until - u2 Hix) HE Had-496 .



IE ) Hull
.
S Huo Ho from repr - formula

(F)
Effi = f- (x- th
S
, { f Cx)

= Ss f Ix- t6) = f Cx - htt s ) b )

Sst tf G) .

Problem 2 .

Exactly the same as Problem 1 .

Problem 3
.

Now
, dat ult , xttb ) = cult , xttb )

⇒ dat fact , * t 6) e- Ct ) = O

⇒ Uo Cx)
= ult,xt the

- et

⇒ u Lt , y)
= u
.
( y- th ) Ect . ⇒ existence



For uniqueness : difference tr -- un-uz solves

IT +0×6 - b = CT with Theo = 0 . By CA)

we deduce 5=0
.

wvtb : (as before)(c)
lunched - oiltix) IE e

't

lb "- 64
.

ifu.ee
.

write n

tutti -n'Hit ludx.tt , (eat- eat ) 1¥
s Huon em"

"" "'t
t ka- Gl .

We used here Lipschitz continuity of e'
'

Rx .

CD) As above

lun -oil sect Hui't u!'ll. .

(E) Hull
.
Sect Huo Ho .

(H Sef -- ectffx - tho)

§qf= e'
"""
Hx - Ats) 6) = Ss+tf . I .



Problem 4
.

ofXo thx) = b (X, Ct , x)){
X
,
lo
,
x) = x

(A) Xo is globally tell-defined : indeed , if the

inguinal
time of existence T

't

was finite
,
IX. It,xx

x as tr T
'

. But

lb ( Xo Hix )) / E Holt lb hip / Xo thx) /

Tx
,
thx) / s x t f

.

Holt,xD Ids E

E X t t 1610) / t ft IX , Is, x) Ids
By Gr onwall IX , thx) / grows exponentially with

time but it's still bounded . . - -

(B) We need Holt , Hols , x) ) = X, Hts , x ) .
Let yet)

-

- X. (t , X - Is , x)) ,
Ht) = Xbftts ,x) .

Note that y lo)
= 2- Co) . We prove that y ,

2-

solve the same ODE with RHS lipsuite .

Then

uniqueness for ODES implies y LH = Ht) ,



y
' IH =

of X , It , hols ,
x ) ) = b (X

,
Ct , hols , x) ) )

= b ( y CH)

z
'

It) = of Xo ( t -is , x ) = 6 ( Xo (Hs , x) ) = lolz that
.

(C) xt> Xo thx) is Lipschitz continuous .

Xo thx) -- x tfobtcxbls ,xD ds
XoHigh y t ft buds ,y) ) Is

Nottix - Holtry) Is Ix -yl t ft 16 His ,
xD - this ,#

E Ix-yl t 1614, ft Hols , x) -XIs ,y) Ids

⇒ lxjctixtxoltiyjl E Ix-yl ettbhip .

(D) If 6 C- G- then x↳ X , thx) is C?

( this is theorem from ODES on differentiability
of solutions ant initial conditions ) .



(E) XD Xo thx) is invertible and the inverse

is simply x↳ Htt, x) .

This follows from (B) if s= - t .

(F) This follows faron (E ) together with (c) owl
CD4

.

Problem 5 odquttixbltix )) = utltnxethx)) t
+ THU It , Xbttix)) . 6ft , X, thx) ) =D
rn rn

It follows that ult , Holt,x)) = 419×1=4067 .
Let
y
-

- Xbltix) ⇒ x = Htt ,y) . Then

ult
,y) = 6. (Xd -t , y ) ) . A

.

Problem 6 IN

Problem7 Now
, fault , Xbltix))-ecxdfxhulfxokxD.dz/ultix6GxDe-fotcH'""dy = o



Uo (x) = left , X, Ct, ×)) e-
Gtc 1×6 G.x ) ) ols

my
* Xo ft , y) , X. Is , X , ft , y) ) = X. G- t , y ) .

A

problem 8
. Ut t X Ux = O{

u co
,

= cos x

y
initial condition

Suppose there is a curve Xlt, x) such that
Hoult , Xlt , x) ) is constant .

ft ult,X Hix )) = utltixltixlltux It,X thx)) Xfl tix)
From equation utltix thx ) ) thx It, X Hix)) X thx) =0

Try Xtltix) -- X Hix) ie . Xlt,x) = et . x

ult , et x ) = u (O ,x ) -- cos × ⇒ ult, y) -- as fye
- t!

(we can check: htt xU×= - sink e- t) f- e-tx) t
t x . f-sin lxe't) ) e-t = o ) .



Problem 9 IT

Problem 10 How to define generalizeddistributionalsolution ? Start with

fulfil t Q, Flutter)) = O
-

{ u (01×1=40 (x)

Multiply with snaooth 4ft
,
x) E f

-

( co,x) x IR )
and integrate :

•• f f ful tix) k thx) dtdx =
= fulfill It ,x) dx I! - f fu thx) felt ,xldtdx
=
- fuddle dx - f ful tix) 0+4 Hix ) dtdx .

• ffdxflultixl) El tix) ottdx =
= ffflultixllhelhx) oltl ! ?- ff HulkxD HA

=
- f f f tutti xD 0×4 thx) .



so we obtain weak formulation . This is well -def .

if u is only Lo .
All integrals are finitebecausele e 991kt x IR

'

)
.

Now
, suppose

u c- ( I
,×
and u is a distributional

solution
.
Then

, we can come back with integrals
to obtain

J @+ ut Ox flu) ) 4 thx) = 0 the
ego

⇒ Oth t d × Flu) = 0

( we can also verify imtvol condition but for now
it's quite technical . . . ) .

Problem 12

f- Met bdxfre
= O

i - e
.

the
eco

fate dude- tf 0×164 ) dptolt-fkaxldy.ca -- O .



( Al tf dat = ultixldx and u is Ct , we useintegrationby parts to deduce

f 64×1 fcfuctixl t b Cx) duct,x) ) =D He
,

(B) We propose ft
= Iot lot .

Hate Hidden-Holt
= 1*0+4 It , xotbt) dt

µ
! !
,
oxlbktixhdhthdolt-f.to#lt,xot6Hdt
tfdat left , xotbtl out = O - 46 , xo) = - fleloixlofuocxl

T
compact
support I

.

( for 61×1 we have ft
-

- fact
,×)
)

.


