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Cl. Let E be a normed space and F' C E be a linear subspace such that F' # E. Prove that there
is ¢ € E* such that ¢ # 0, ||¢|| =1 and ¢(z) =0 for all z € F.

C2. Let E be a normed space and F' C E be a linear subspace such that for all ¢ € E*
Veer () =0 = ¢ =0.

Prove that F' is dense in E.

C3. Let H be a Hilbert space and M C H be its linear subspace. Prove that (M1): = M. In
particular, when M is closed, (M+)t = M.
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2. (Mazur Lemma) Let C' C E be a convex set. Prove that C is closed for convergence in norm
if and only if C' is closed for weak convergence. Hint: One implication is trivial, for another
use geometric version Hahn-Banach.

Definitions:

C' is closed for convergence in norm if for any {z,},>1 C C such that z,, — x it follows that
x € C. This is exactly the same as statement that C' is closed in E.

C' is closed for weak convergence if for any {z,},>1 C C such that z,, — z it follows that
xz € C.
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1. Let I: L?(0,1) — R be a (nonlinear!) function defined with

1
I(u) = /0 lu(z)[>? cos?(z) dz.

(A) Prove that I is continuous on L?(0,1).
(B) Prove that the set
{(u,\) € L*(0,1) x R : I(u) < A}
is open and convex.

(C) Fix u € L?(0,1). Prove that there exists v, € L?(0,1) such that for all w € L?(0,1) we
have
Iu+w) > I(u) + (w,vy).

What is v, in the language of classical calculus for convex functions?

Remark: 1t is quite instructive to see why the version of Hahn-Banach theorem with com-
pact/closed sets cannot be used here.
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A3. For f: Rt — RT we define

O/f

Find all p (1 < p < o0) s ht/lgoé Rt) For such p compute
functional on LP(R™).
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B5. Consider LP(Q, F,u) with 1 <p . oo and 1/p+1/q = 1. Prove that

Ifll,=  sup /X £ (@)g(x)dp(z),
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1. (criterion 1) Prove that the orthonormal set {e,}qc4 is actually the basis if and only if

(r,eq)=0foralla e A = z=0.

2. (criterion 2) Prove that the orthonormal set {e,},c4 is actually the basis if and only if

H = span(e, : a € A),
where span is the space of all linear combinations.

3. Let (fu)nen be an orthonormal Schauder basis of L2(0,1). For given ¢ € [0, 1] compute:

00 2

Z /Ot 23 fo(z) do

n=1

4. Let a, = 02” t? e dt. Compute Y, 7 |an|? and D02, |an|?.

5. Prove that if H is separable than it has a countable orthonormal basis.

6. Prove that separable infinite dimensional Hilbert space H is isometrically isomorphic to 2.

8. If {en}nen is an orthonomal set in H, for all x € H we have (z, e,) — 0 when n — oo.



9. Let {en}nen be an orthonormal set in Hilbert space H. Consider operator T : H — ¢y defined

with
n
T = <n+ 1 {, en>>n€N.

Prove that 7" is well-defined. Is 7" a bounded linear operator? If yes, compute its norm.

10. If H is infinite dimensional, there is a sequence {x,},en such that ||z, =1 and x, — 0.!
11. Let y € I*°, {en}nen is an orthonomal set in H and u,, = %ZLI e; yi.- Prove that u, — 0.

12. Let {en}aca be an orthonormal basis of H. Prove that

T, =z in H < (r, —z,e,) — 0 for all a € A.
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