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⑦ A - II is not infective⇐

A -II not injective OR A -d't not surjective
ice
. Fx * o ie

.

A-x=dx RIA-AI) F H

t i n
,

XENA) at least
[point spectrum , NAHI) is

MA-AI) is

eigenvalue) dense in ly a closed
subspace

[CONTINUOUS] of H .

② A :&
"

→ ¢
"

.

Then A -AI is a map between

finite dimensional spaces and so ft -AI ) is injective
iff E -AL) is surjective .

olim Ker CA -DI) t dimNAHI) = dim I



I

⇒ A has purely point spectrum .

③ T-XI = -A (I- Ia )
if Id l > ATH then this operator is invertible
⇒ FCT) l E HTH ⇒ OCT) is bounded

From lecture GCT) is open ⇒ OCT) is closed

⇒ OUT is compact.
④ Fan } two sat

. HAxn HE full x. H

⇒ A is NOT invertible
-

µ
inverse mapping thou

suppose A is invertible ⇒ F
'

is bounded ⇒

⇒ Hyuk f En H A'
'

yall ⇒ In E Ht'll
contradiction



⑤ Millan → Klan over ¢
.

Mf Cx) = xflx)

Two strategies :

ft) point spectrum (eigenvalues )

Fa Ff @-AI)f=0 Mf -- Af

xfcx) = Xflx) ⇒ (x-d) f-G) =D ⇒ f- O

⇒ M has no eigenvalues ( empty point sp . )

(2) try to invert M -DI

µ -AI )fCxl= Xfkd - Afb) = (x-d) Hx)

(M -AI )'t = ¥1 Hx) if def [Oil ]

It is bold HCM -diff 1122=1 ¥,# IfG) Tedx

Fc int Ix -Al
'

Zc >O n
. -
E fall ftp.



'

Hence
,
dm) c Ean

.

To prove GCM 1=6,13 we prove that M is not

surjective.ie
. RCM)# Klan .

Suppose tfc.ua, I
= @-AI ) f ⇒

f- ¢ - d)Hx) ⇒ fCx) = ¥ Et L' lo, e) .

for A c- to , Bf .

-

f ( In fact , 6 ( M ) is purely continuous . Indeed ,

we need RCM - KI ) is dense in H
.

Let f- EH , fide f 1×+1 > In .
Then fu is

in RIM-DI) ( Msn -- fu for gu = c!÷g ) .

By dominated convergence , fu→ f in 14914
A

.



⑥ A :b-se
'

Ahh , xz .
. . . .
) = (O , xs , ¥ , ¥ , . . . )

(1) point (A - II ) x - O ⇐ Ax - xx

( O , Xs , ¥2 , ¥ ,
. - -

I =# , xz , Xz , Xg , . . . )

If 1=0 ⇒ x
-
-O

.

Otherwise k¥0 ⇒ xz=0 ⇒ -
- -

⇒ X -- O
.

(2) CA -AI ) x = fixe ,¥
-Xxz , Ez -dxz , # Xxx)

fix yet? find xel's -

t
. ( yay! , . . . )

If d -1-0 we can find ya , ya . . . .
and we

need to check they form an element of l?

XE tht YI - dhoti = Yu
x
,
= - ha ha ,

=
- YI - 1¥



For u
, m Z N

Eiko. that. 'nd't .tn#Enlxii]
Eiiiix. talk. Ein.tt#rEix.i]
- -

EF
'

kid
'

k=h

⇒

.

- faint ix. ith .¥. )
⇐ ¥ Em

.

but

choose N so that l - f, Z Z .

Send

m -soo ⇒ x eh? ⇒ OCA) - { 03 .

Finally ,
we need to study 4=0 . Clearly

RCA) is a closed subspace of l? I
.



⑦ ¥-2 , Ky , Xo , Xz , Xz , - - )

• ( eigenvalues )
f-XT IX-2 , X-n , Xo, Xz, - . .

2Rx -- Xx Fxee' decl -

X -40

⇒ (Rx )
,

-

- Xk
- i

= dxk ⇒ E- HIS

* = ( . . ., o,dxo,xo , If , Yp , - - - )

E) l
'

unless D= O
.

⇒ no eigenvalues .

• ( try to invent )

R- XI = - X ( I - FT ) invertible when

HEH at ⇒ 11121121dL ⇒ Is l 'll
.

So R -AI is invertible for ICHI .



-

Now : RHI = R ( I - d L ) invertible

when Hd LHC 't ⇐ HILL
.

It follows that GCR) e { HI =L ?

Proof that HR) '- { Idk 17 . Fix d
,
Htt

.

Xm
-

- f . - - ,
O
,
I
,
I
'

,
. . .

,
In , O, . . . )

Axn -- f .. ,0 , I , I , .
-

→ In
- '
so, . -- )

Rxn -- f . . , 0,0 ,
I , . . . , I

"

,
53.0

,
. . . )

CR-AI)xn=f . -no , -1,0 ,
- . . .

,
O
,
IT
"

,
O
,
- - - )

thinker -- n 11kHz)xnHp=2 .

HEDI ) xnllez =L = In - n
-

- Z Hxnlle?
W

→ o .

⇒ Hk) -- Elahi 3 .


