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1. Examples of HCL , Swatowand vector case .
In this class , we want to study coins of the form

Qut div Flu) = O .

Here
,
u : 1kt x IR

"
→ 1km so u= Cua , . . . ,um ) where

U U

t x

ui : Rtx IR
"
→ IR

.

Moreover
,
F : IRM-3 Mm" where Mm" are matrices

with m vows and n columns
.

<

Flu) =

k!W - - - Enki

]Em , tu) . . . Enn cu)

Divergence is computed Wrt each row separately .

div flu) =
0×1%4 . . . Qin En Cu)

i i

i i
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, Fmz(ul . . . an Fmn (ul
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Example 1 : scalar equation ( x e IR
"

,
te lRt

,
UE IR )

.

We will develop a whole theory for such equations .

Example 2 : systems of equations . ( ut 1km ) .

This remains

unsolved even in the case Xe IR , te IR!

Example 3 : Euler's equation in one space dimension :

get 1g uh,I :¥¥:*:::X. ÷ :
where g is density ,

v is velocity , E is energy density
( per unit mass ) .



2A . Mollification
, convergence results .

( Ref : Brea's , 4. 4 , Mollification)
Let z : IR

"
→ 112 be a standard mollifier . i.e .

•

y so ,
yLL

• f y = I n.I 7114 M 1120

• y is compactly supported in BCal ),
• y is smooth .

For E so , we define me Cx) e fo, y CI ) so that
Sms = 1 , ye is supported in the ball 1310, E ) .

Three properties that are crucial in PDEs :

1 If ft 4! ( IR" ) , f * ye is smooth and

Dk If * ye) = f * Dkme .

2
.
If f- ECHR" ) , f * ye → f uniformly on compact
subsets of IR" .

3
. If f E LMR

" )
,
I f p La then f * ye→ f in

KURT
.

SLN to 1 : Note that Lf * me) (x) = f Hy) ye Cx-y) dy
so differentiation does not see f

.
I



SLN to 2 :

If * ye Cx) - f (x) I = / Sf ( x-y)ydyloty-fflxlq.ly) dy /
E f meh) / Hx-y) - f Cx) I = §

,o,aye
G) IfCx -y) -f- Cx) / dy

let xek ( compact set) and let Ke be closure of convex
hill of K .

As f is continuous,

Iso e? Kaye ke Ix -y l E E, ⇒ I f- (x) - fly) IE r
.

Hence
,
when E E Eg ,

we have

I f- * ye Cx)
- Hx) l E %

, e,
ye ly) dy

- 8 = 8
.

As 8 is arbitrary and independent of XEK , this concludes
the proof .

SLN to 3 : let 870
.

There is to c- CellRh) such thot

H fo- fell paper,
Er

.

We write

H f - f * me Hp E Hf - fo Hpt H fo - for me Hpt Hft- f) *Yelp
By Young 's inegi Nff- f) *ye Hp S H fo- ftp.
By ② , lineup Hf - f*ye Hp E 2K fo - f- Hps 28
As r is arbitrary , the proof is concluded . A

.



2B
. Strong compactness in L

" (A Ep co ) :Kolmogorov- Riesz- Frechet theorem .

( Ref : Brezis , Chapter 4.5)
In infinite - dimensional spaces , bounded sets do not
have to be compact as the following example shows .

1 Let It be iuf
.

dim .

Hilbert space . Let { ei Liew be

its orthonormal basis
. Prove that fee- lie ,µ is bounded

but not compact .

SLN : clear by Hei 11=1 so the set is bounded
.
Moreover

,

Hei -ej KI Lei -ej , ei - ej) = He ill 't Hg- H
'
-Kei,g-7=2

So lei 3 cannot have a convergent subsequence .

a

There are two ways to overcome this difficulty in PDEs :
- additional conditions on bounded sets
- working in weak topologies .

In this class , we gonna work on PDEs of the form

Qu t div flu) = 0 so we need strong compactness .

+ nonlinearity
First , we recall classical A- A theorem .

THEOREM ( Arteta , Ascoli)
.

Let (Kid) be a compout metric case and
let H be a bounded set of CCK) ( wat H -Ha norm ). Assume that te
is uniformly continuous

Eto te d (Xs,Xz) EE ⇒ I flat - ffxdl EE ttfef
Then ,

the closure of H in Clk) is compact .



Now , to formulate L
"

analogue we need some notation .

For f : IR
"
→ 112 we define Thf (x) = ffxth ) ( h EIR" ) .

If F is a family of functions on 1124 ,
we write Fls

for the family of their restrictions to KIR
"

.

THEOREM ( Kolmogorov , Riesz ,
Frechet)

Let t be a bounded set in L" Cl Rh ) where
1 Ep La . Assume that -

fine , H thf - f Hp = 0 uniformly in faf

lie . Lto Iyo thKE ⇒ A Tnf - f Hp E E tfee )

Then
, flu has compact closure in LP th) for each
r CIR

"

of finite measure .

2 How to see AA in Kolmogorov theorem ?
H th f - flip = I lflxth) - f-Cx) Pdx where llxth) - xkh .

This is
"

equicontinuity in LP
.

"

3 The theorem is formulated for Fc LP ( IR " ) . How to
get compactness of folks) ?

We can extend functions to be defined on IR"
.
The result

is formulated in this way so that the shift operator is



well-defined .

4 The result gives compactness of 5- fr whenever
r has a finite measure .

Example : fix EEC:( IR) with Supp Ec coil ] .

let

fulxl = Ecxeml . Prove that :

CA) f ful is bounded in LP ( IRI
.

(B) { fu} satisfies LP - equicontinuity condition .

(C) { fu } is NOT compact in LPC IR)
.

Aol
.
CA ) : fat ful P = fate Cxtn ) IP = f, l E Cx) IP - ind - f n .

Ad
.

I B) i Hthfn - full ! = fuel fnlxth) - fuG) look =
= £14Cxthtn) - Ux +m ) / Pdx = ft)
Ffpouted in En ,

-htt]supported in
En- h

,

- n-htt]
So the length of support is lfntt) - f-n- h) I = Ht ht

.

(H E H -tht HE 'll! - hi → 0 as tht O independ .
of m .

Ad . (C) i suppose it is .
In particular, there is a subseq .

converging a - e
. As E is supported on [913 , the sub seq .



converges to 0 . It follows that the subsequence {fu,}
should converge to 0 in LP

.

But Stfu.dk Step -40.
an additional

We will see later that there ironohtion that
"

-

guarantee compactness in LPC IR" )
.

We move to the proof of Kolmogorov Theorem :

5 Follow steps to prove Kolmogorov Theorem :

STEP 1 : let { gud be a standard mollifier . Fix E 70
and let 8g be as above . We claim

II gun * f - f Hp E E tf ee
.

I> Iq
PROOF : f lgun* ffx) - ftx) / Pdx =

= S IS gnarly) ft -y) dy - Sgynly) flxldyl Pdx
= f l f gun (g) fflx-y) - f Cx)) dy / Pdx §

Hilder with measure

Eff gunly) Ifk-y) - flx) IP dydx = →an

= f gun CD I I Hx-yl - fG) Pdx dy E E! V
.

-

t ly k In EEP as lyKI fore



STEP 2 : Wehave inequalities :

• A gun 't f Hy E Cn Hf Hp ( Cn - depends on n and
p but p is fixed)

• I quit fixed - gnaiflxz) k Cn Http txt-Xzl .

PROOF : By Young 's convolutional inequality
Hf*g Hr E H ftp.Hgdlorfrtt-hpttq

we have 11 gun 't fell, E H ftp.llgxnllpycn .

To see the second inequality , we need to estimate
A D⑨m*fH = H ( Rogan) * fly by properties of conv.
Again , by Young 's ineg .

,

H Hogan) * that It ftp.llsgnnllp.cn ' ✓
STEP 3 : Let s c IR

"

be a set of finite measure .

Let E) 0 .
Then , there is wer such that

Hf Hirono, E E Hee #
( " lack of concentration " ) .



PROOF : By triangle inequality ,
H ftp.pcmw, S H f - f* gun Hoechst Hf * Fink Loong
E H f - f * gentlemen, t H f-* gun H

µ
trial

.

E E t Cn - H ftp.lrlwl by step t amd step 2 .

Where n is chosen so that n > Iq .
Choosing w sufficiently longe , we conclude theproof
( we use here that 5- is bounded in LP ) ,

STEP 4 : et le is totally bounded lice . He so there
are NCE) balls of radius E covering f le ) .
[in complete metric spaces : total boundedness is
equivalent to compactness of the closure ] .

PROOF : fix E 70
. Choose co from step 3. By step,

the set { gun 't f If = : ten fief,fixed) has cowpat
closure in (CE)

. By dominated convergence ,Ha has
also compact closure in LP(E ) , ice .

there one ga , . . . , gag
such that

fete ? H gun't f - gill peas, I I
We need to cover flu .

Note that we already
have covering of Hn in LMG) norm .



-

-

let gi -- { qi g: omg .

and we claim that

B (GI , E) cover f tr in LDCs) norm .
Indeed

,

let f- c-Flu , choose gi such that

11 gun* f - gi Huo, E EG .

As gi is O on ME , we have

It f - gill
Lpa,

E H f Huerta, t b f-gill
peas,

E

E A ftp.woytllf-f-gnnlltkfxrgxn-gillyco,
£ 43 t Ets t Eg = E .

VE)

6 Under additional equitightness condition ,
Iso tr bold " HI

papaw,
E E ttfef

prove compactness of f in L
"
(K" ) ( without

restriction)
.

S LN : we modify Step 3 above
. This time we take

Fi = { 9i in
r

O in IR
" lol . A



7 [Connection with Rei Nick- Kondradrov thru ]
It is standard result in PDEs that W"PCU ) is
compactly embedded in LMU) ft p E e ( p=-
is Arzola - Ascoli )

.

Recall that if Diu (x) = hHtheif- then

• 11 Diu Hp E C Hull wnp (ft p ca )

• HDihullp.EC find of h) ⇒ new" P

( Ref : Evans
,
8. 5.2) ( I < p Lo).

(There is easy example for Pet : ¥
,

)
.

So
,
if u c- W

"PCU ) ⇒ 11 Diu Hp E C Hull we , p ⇒
H Thu- all Lp E Ch Hhllwn , p

→ 0 uniformly if
we are in bounded set in W" ?

Kolmogorov theorem is stronger because it implies
compactness from weaker estimates like

H Thu - ult Lp E Ch
"'
Hullum p

or A tie - u Hp E Cf Ch)
where f is a modulus of continuity .



In particular , in the proof of existence of solutions
to conservation lows

,
we gonna deal with the 2nd case .

8 [HOMEWORK]

Let G c- L'llRn) , B be a bounded subset of L
"
Clk" )

with 1 Ep co . Let fi= f G 't B : B c-B }
.

Prove

that f tr has coupout closure in t.hr) for any
r with finite measure .



2 .
Weak compactness in LP ( I Epc- ) : Banach-(
Aheoglu theorem .

We say that Lfa ? c L
'
Cr)

,
A Ep co converges WEAKLY .

-to f c- Ucr) if I find → f fol to c- he
'

( hptpt -H .

We say that f ful c [ (r) converges UEAKLY* to fete)
if ffnlo → f fol to c- UH .

THEOREM
.
( Banach . Aloglu , Bourbaki)

let 1 sp Lo -and let { fu 3cL
"
fr ) be a bounded

sequence in Ucr) .

Then ,
there is a subsequence

converging weakly in Lmr) .

Similarly , if { ful c Pcr) is a bounded Seg . in

left)
,
there is a subsequence converging weakly- *

in ooh .


