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1
.
Characterization theorem for Riemann problem .

Two most common notions of solutions to

htt olive cull = 0 (fin"? Ya:)
It is typical to assure that F is uniformly convex lie .

F"Zoo) .

1) Integral (distributional) → roughly speaking equation
has to be satisfied a -

e
. and -R- H conditions have to be

satisfied .

2) Entropy solution : integral and

H
y (ult t div (Qlu)) E

O

for all pairs (n , Q ) s . t
. y : IR-3112 , Q : IR -2112

"

DQ = Dry . D f = y
'
. D f.and

y
convex

.

Some remarks :

1) since we work with scalar equation ,
we have a lot of

entwpies y . For systems condition DQ = Dy
- DF is usually

overdetermined but some systems have entropy !
2) Usually Kruzkhov entropics y la) - tu- KT with flux

K

Q
,ful = Sgm la - H ( flu)- Hk )) '

are sufficient in

the sense that if CH is satisfied for all the , Qu) ,
KEIR then Ext is satisfied for all ly ,Q ) wth y convex

-

(at least for locally bounded solutions)



It's hard to write this argument explicitly so maybe its
easier to see this in the picture .

Convex

curve
f supporting planes

A little bit more vigorously , for y convex we write

ylu) x c + EI di la - ci It
And very rigorously : fix 520 and divide To

,
U ] for

sub intervals of length EE .
On each of them find supporting

plane .

In each point take wax over all planes .

2) For Riemann problem i. e. with initial data°

udxt { if ¥58
R- H condition reads D= Hunter)
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t ¥ --X

U
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and we can construct solution

ult ,x¥ f Yy Mt Zd

Mt CX .

This is called IHO CK
.

4) We may also have RAREFACTION WAVES . This is usually
the case when Hur ) > F'cue) .

* µ
u=#54¥ )

¥ -- F
'

Cud t

t ¥ = # Can)

→ ← ur
Ue

×

This works because characteristic equations for CL has

speed f
'
( ufx)) ( think about uttoliufcu) as about transport

equation ) . It was checked in the lecture thot this is a solution
.

5) Other possibles may be also ok hike K-H line

^
t

I
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Next week
, we will prove that entropy solutions are unique .

Now
,
our target is to characterize entropy solutions in the

scalar case .
e

att

LEMMA ( R- H for entropy condition ) affix,Jr,t
u Hidsuppose that Gro) x IR Thur , . .

r

let u be as in the picture u -- { % # x

and 41 , uz solve Utt flu)×=O puintwiely in re , Iz

respectively . Then , u is an entropy solution off

8 It' Cy (uft, nth ) - ylaelt , rush] Z

tremor : this ante .EE#oYItth..-ewQefg.eft:.?.Y?l .
PROOF : Homework for next week .

THEOREM? bet ur cue .

Then
,
ult,x)={ If I };Yf

is an entropy solution where D= Huether
)

Ue - ur
-

PRODI : u given by the formula is an entropy solution iff

k ly lat - glued IQ Curl - Q hee)

due to Lemmo. above .



let us first prove this in the special case : for all keZ

yLuk
lu- KI

, Q (ul = ignlu - k) - f#ul -HH)

X - Chen - KI - Iue- Kl ] I [sign (un - k) ( Hurl -Hk) ) )
- [ sign ( ue- k) ( flue) - FCK) ) ]

If k Sue> ur ⇒ X. Iue- un) Z Huet - Hun)
.

If KC ur cue ⇒ d- Cue- un) E flue) - Mur)

( so this is if and only if as these inequalities imply
K-H condition )

Finally ,
let k c- her

, we] . Then k= d U rt ( t-d) he and

d ( K-ur - fue- k) ) Z H) (Hunt - FCK) ) - (flue) - FED

A ( 2K - un- ue ) Z 2 f- Ck) - F lur) - Hae)
-

= 22 Ur -1211 -L) Ue
-

un- Ue = (22-1) Unt ( I -Hae
-

-G- 2d) Cue- un)
⇒ (flue) -Hun) ) ( t-22) Z 2 FCK) - F luv) - Flue)

⇒ 2Hk) S flue) ( 2-227 t f Cud GL )

and this inequality is sotrsfied . The general case
follows by density .



THEOREM 2 let Ue sur . Then
,
rarefaction wave is an

entropy solution
x L F'cue) t

u hat) = { ¥751 (¥) otherwise

ur x > F
'
her ) t

PROOF Even the lecture
, we

know that wht) satisfies egn .

-

i

pointwisely . Since solution is continuous
,

it satisfies hewnme

above and the conclusion follows .

SUMMARY From uniqueness of entropy solutions to be proven
nextweek , we can fully characterize Riemann problem for
scalar conservation laws :

→ u
.
> ur ⇒ SHOCK

.

→ he
, Lun ⇒ RAREFACTION WAVE .

COROLLARY If u is a- distributional solution satisfying equation
a.e . and u is continuous ⇒ u is on entropy solution .

EXERCISE For Burger 's equation Utt (4421=0 ,
we take entropy glut -_ us , Qlu) - Zhu " . Let add-18
Then speed of shock is D= FU )-HO)

+

y
Fo
' I lie HH --ft )

o d ' tylurl - glue) ) = - E
-→

Q luv) - Que) - - Z
,
.

1 X



We know that entropy inequality is equivalent to

X ly luv) - glue) ) Z Q luv) - Q Cue) CH
The example shows thot the entropy is notconserved along
the shock

. It serves as a good method to remember CH -


