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I . Strong continuity in time

The following shows that entropy condition bringsregularization
- in- time effect .

Our target is the following result :

THEOREM (strong continuity in time)

suppose that u thx) is a distributional solution with initial

data Uo e L
-

16C tf
f EE .

u t f DE - flu) t f le Ix ,
07 uold = O . 6

Assume that for some entropy / entropy- flux pair fy , Q )
such that y is uniformly convex , we

hate ylultt dirQ

10+4 . ylult face .Quit flexed lad to Ito .

Then
,
t ↳ u Iti ) has strongly continuous representative

except some countable set if such that Odf-
tape

REMARK

The result shows in what sense the initial condition
is satisfied . Namely ,

when t-70
,

U l tix) → uold in Hoc ( 1127 .

This is usually interesting for parabolic / hyperbolic
PDEs where we don't control time derivative .( because
it does not appear in weak formulation .



Some general ideas how to prove continuity - in-time

The idea is to start with weak-* continuity ,
i - e - to fool

continuous representative for nap :

th f ult , x) 4C x) dx (YE CECIRd ))
.

11201

One can unite it as a limit of continuous (BV) functions :

←fig f Elt , x) 467 dx
Kd

so we need to study sequence of functions

f-EH = f Elt , x) 467 dx
Y

IRD
This function can be studied using weak formulation .

Using some compactness results ( we will discuss later why
Arteta- Ascoli will not work in our case ) we obtain weak-*
continuous nap .

The same trick will work for entropy inequality ( we will
transform it into equality ) so th y

Ca) is also weakly-*
continuous . Then ,

we prove that th u and th yla) are

weakly - k wut ⇒ t↳ u is strongly continuous (think
about ylutu )

.



1 - I
. Characterization of nonnegative distributions

we start by rewriting distributional inequality
U et div dHix) E O

as equality
u,

+ div Nt
,
D=µ .

LEMMA 1 (
"

E
"

⇒
"
e

" )
Let T be a nonnegative distribution i.e . TH ) 20 for
all of c- E- such that to 20 . Then T extends to Cc and

is in fact a locally bounded measure .

PROOF be only have to prove that T can be extended to

↳ and then use Riesz representation theorem f any
nonnegative functional on Cc is he colly bounded measure)

.

Let Ye Ci . We want IT(4) I I 11411. . We could

use an observation thot 1141ft Y ZO but this

is not compactly supported function . So let R >0 be

such that supple a Block) and let 6,2 be usual cutoff

Ge { affine 13469k¥71 Blak)
112911319 Rtl) .

( smooth )



Then 6,11411, I 420 , 6,21141614 ECT so

IT(4) t 11411,179×720 ⇒ ITH ) IS TIED 11416
-

constant depending
only on support .

iq

COROLLARY For entropy condition gluts olio Q(a) SO
we have y culet

div Que) = -felt, x)
( note that this measure µ depends on µ and Q ! )

.
EB

EXERCISE When this measure is finite ?

fullBxloiklx Bila If I 6£45 quit , x) =

← flofteptlylu ) t f $4,51 Qlu) + initial card .

- -

R#Rtl £1 REINERT ' S1
KIERH HERT

so we need Sth like glut c- LI , × , Qla)ELI, so we can
send R → no

, team

-



1. 2
. Upgrade : weak convergence to strong convergence .

We say that film Ik is uniformly convex if for cell
te Ea D

f- (txt ( I-Hy ) s tfCdt KH fly) - ta -t) ol ( Ix-yl )

for some of : K→ IR continuous , nonnegative and roni-

Shing only at O .

LIMIT un u
,
f- (un)
± flu) in 4% ⇒

Um→ u strongly in L:c IE p co
.

PROLE : By uniform convexity with x -- U
, y
= Un , tf

tf ol Hun- ul ) 467 dx t f Hantz ) 467 dx E

E t f flan) 467 dx t I Stfu) Ycxldx
where 4 is compactly supported and nonnegative ( the

purpose of Y is to localize) . Hence

lineup f fol Hen
-ul ) 144 dx E f flat Ycxldx -

- limiuf If (UIL" ) Ycxldx .



Note that Wtf u
. Since UCH t) f flu 46) is

f. s . C . on ( say L'd we have

f f (a) Y E linin f f f Luntz ) y

⇒ - linin f ft Luntz ) Y E - f flu) Y
u-six

⇒ him sup f ol Hun-ul ) Y E O
ht-

Hence
, of Hun-ul ) -70 in Hoo and , up to a subsea .

,

of ( tune- ul ) -70 a. e . It follows that u%→ u are

and the conclusion follows . DIAB

WEAK LOWER SEMICONTINUITY ABOVE : for Banach space
CE, H - H) , f : E -3112 is l.se iff tf, { u c- E : flu) Ed } is

closed
.

So if F is strongly continuous and convex
it{ he E : flu ) EA } is strongly closed and convex . A

.

Then
,
Mazur lemma implies that

{ he E : flu ) EA } is weakly closed and convex
.
VI

( here I use convexity ) . This implies weak lower semicont .



Comment on convexity assumption .

.

If f- E CZ and f
"

> m > O , we obtain from Taylor 'sexpansion
fly) -

- that f-
'

Ix) ly -x) tf
"

le ) (y -xD
Z f-Cx) t f

'

Cx) ( y -x) t Mz ly - x)
'

we apply the inequality above twice with

•

x -- type H- Hye , y
-

- y , ⇒ y
- x = (t -t) ly ,-42)

f- ( yr ) Z f (x) tf
'

(x) ( t -Hln - yd t Mz H - H' (y,- ya )
'

Il )

•
x = tyg th-Hye , 4=42 ⇒ y

- x = t Cy z -yr ) .

f-4212 fix) tf
'
(x) Hy z- y .) + NE t

'

(ya-yd
'

127

Multiply 117 with t and (2) with H - t) to deduce

f- ( ty , th-Hua) E tfGalt H - ttflyz)
- E ka-H't +EH-TD In -4212

⇒ f Hy , ta -Hye) E t fly. ) ta -HfGD
- Mz ta - t) ly , - Yzf

se f is uniformly convex . tha



1. 3 BV functions
, Helly compactness result

Ref : Bresson , Hyp . Systems of conservation laws w

BV ( Gu b ) ) = ff : Ca , 61 -i IR : Hf Hai sup €! f-Kitt -HeilKol

and supremum
above is taken over all partitions 3k¥,

suchthat a Exa E . - -

E X
n
E b

.

We also define for f c- BVCa , b) i

Vf G) = sup €! I ffxit ,) - fat

where supremum is token over all partitions { xi 3in ,
such that a ExtE . . . ExNEX (so this is variation up
to the level x )

.

Some properties of BV functions :

1) f EBV can be decomposed into f- = f
,

- fz where fr ,
fz one nondecreasing (Indeed : f= Vf - ( Vf - f ) ) .

2) Consequence : f has countably many points ofdiscontinuity(property of monotone functions ) .

3) f- has well- def . left and night limits ( because if
Xu-x

-

, E Iffxiei) - fGall La ⇒ If kief -f I-70
and { f-Gil } is touchy in IR .



LEMMA ( Helly )

Suppose thot un : IR → IR
"

such that

Hunk Bv EG , Hun Ho EG
Then

, there is he BV n P and subsequence un, s - t
.

•

Unu→ u point wisely , HI
• Hullpuff , Hull, E Cc .

-

PROOF :

STEP 1 : Let Unlx) be variation of un .
Then

,

•Of Umkc) f Cz
,

• Un is nondecreasing,
• Thexeysp, I unlx) - ants l f Unfpa) - Undp ,)

Only the last property seems to be nontrivial . It can be
written equivalently as :

Un Cpa) t lunch - until E Unfpa)
and now it is trivial

.

STEP 2 : We can choose subsequence such that { Un )
converges at each XEIQ to some U

.



This is done by a diagonal procedure .

STEP 3 : let In = { xe Gu 63 : gh÷n¥4)
-

figg!
4) IT}

Then
, In is countable and so

,
U Jn is also countable .

Indeed
,
U maps Q1 into G , CL and has to be nondecreasing.

There can be only G- n jumps of size In .

STEP 4 : There is further subsequence such that

Un Cx) → u Cx) for ALL x c- [agb]

Indeed , we can choose it so that the convergence occurs
on Q u Ian . If xf Q1 out, In ⇒ xdQ1 , x * In fu .

Fix on and observe that x & Tn implies that there are

pas x sp , such that U Cpd- UKpi) s In , pa , pre Q .

We will prove that lunch } is a Cauchy sequence Cin IR) .

tiggy lui.GI - until E
E fciysup lucid - ulpi l t tinysoup lunch

- ul pill

=¥W - aidpal tlieysup lunch - unfed l E
because we can write lawd - ydpill t helpn)- helpa) / and
we have convergence atnational numbers

.



£ 2,4ms:p Iue Cx) -Udall -224in:p Ilkka
-Udall E

£ 2 lineup llklpz)- Udall = 21 Utpal - UCPDI as pupa
are in Q1

E nd . As mis arbitrary ,
funk) } converges .

STEP 5 : the limit u satisfies Hull
,
EG

,
Hull

By EG .

The furst part is clear . For the second , we use pointwise
convergence ,

¥
,

I Wxin) -ukill = find €7 lakki -ul -UkGill E
s sup HuaHpv t G-

K

⇒ Kullu E Cs . to



1. 4 Weak-* continuity for Uttoliva -µ .

( Ref : Dafevmos , Lemma 1.3.31

LEMMA let uc-LT.cl#xlRd7uthuoe4-ocClR&) ,
he 4%(1124×1129) , µ loudly bounded measure suchthat

htt oliva ( tix) =µ, u (
O
,x) = Uo Cx) .

Then
,
the map t↳ ult , . ) is weakly-* continuous .

( i.e . it has weakly- * continuous representative) except some
countable set f ( and Off !)

.

In particular , for this representative ,
hiding ult,

i )=uoC. I
.

( locally)

This means Kee, Sult , x) 4G) ok → fu
.

Y G) dx
.

when t -70
.

PROOF : Fix T 20
,
T> 0,1220 .

We write weak formulation

Sf 4. ut f f the . L t ff E dy t f Khao) uocx) = O .

Let E be supported on It
,
T- T ) x 1310 , R) 7 ( tix)

.

Test equation with left
, x) y

Ex) YEH , supported for
(O , T) x Block ) where Ect (so that nullification is well-



defined) . Pointwisely , we have:

u{ = div L'Ctx) the Ct,x) (tix) c- (T
,

x BCO
,
R )

.

Clearly ,
(tix)↳ UE Ct, x) is very smooth and satisfies equality

above pointwisely . We claim that sequence

f-{Ct) = ↳ UECtx) YG) ok (ECT
,
4 C- EMIR

"))

satisfies assumptions of Helly Lemma .

Indeed
, multiply

equation with 467 and integrate from some s to some t
.

It follows that

f ! HI- feels) -- f! I ¥46124tix) tf!fµYCx7dp4Gx)
2

⇒ If :C th - fly If 1h24 11
. ftfuppykltixllottdxt

,

1- 11416 y
'

( Antz]x sappy ) .

Note that µ
'
is a function (or measure with density ) .

Given any partition Tst, s th .
. -

L tn LT-T we have

It feltit , ) - fly Hills Hr4th # Guppy ldttixlldtdx ⇒
+ 11411

. µ
' (Ctu tix supp4) .



Eiffel tint - fly Hill Elle 416 Jupp, K' thx) I ottdx t
F- 7

1- 11411
. µ
'

( Ct , t-II x supple )

By standard properties of mollifies ,

fuppyld4tix7ldtdxEff@ppyyldttixHoltdxde4oc.x4oc.t
For measure term we write

& bound indeep . oft !

→ atra sappy Skype Yett
-Dyck-970196,y) dtdx

µ
'

(Ct
,
T - it x sappy ) Eµ ( Ct , T- TT x sappy) s

s µ ( lat Ix Supp Y ) .

Using Hetty's lemma ,
we can choose a subsequence cow .

everywhere to a BV function on It , T-t) . Applying diagonal

argument with F- tug ,
we get a BV ( at) version of

ft ult , x) Ycxldx = : fu
,

However
,
its set of discontinuity points depends on 4 . To

overcome this issue
,
we choose a countable dense subset

of ECB , say {4k¥ ←w and apply Helly lemma diagonally.



This yields a countable set f s .
t
.
for each 4k

CathfatA Sult,x) Yidxldx

We claim that the same set F works for old YEGOR")
.

Indeed , for arbitrarily Y , we find Ye s . t - H Y- Ye HEE .
If t is a point of continuity

/ f ult , x) Xx) dx - Suk , x) Ycxldx I E

E I S ult ,x) 4,1×7 dx - Sult,x) Ykddx I t
+ I S UGH 4k G) ok - fuk ,x) 4G) dx /

ht Fuat Hoax
-1 If uCs ,

x) ykcx) dx - fact , x) 4hG)dxl
E 2 Hull E t I S uCsx) 4147£ Suffix) 4kG) dx I

⇒ kingship / fuGM Ycxldx - fuHix) dxl I 2 Hull E
.

Similar argument shows that the same set of continuity
points works for weaker classes like 4 Ellard ) - this however

depends on integrability of u so that fuels ,x) 4G) L - .

We can also use diagonal argument for parameters Round T.

Finally , we need to check that :

H) OKE i.e
. he is continuous at O .

(2) fu
,
6) = fu .G) 4G) dx .



This follows from weak formulation . let EEF . Then ,

Sf 4. ut f f the . L t f f E dy t f EG.dudx) = 0

with 467 ETH where 4%¥¥¥¥ .

This yields :

Ets
- f f f t f f#x) EET) - L .

1-
← Kd

U thx)Ya)

+ f f Xx) ETH dy thx) t field udx7dx = O .

As t is continuity point , we send 8-20 and obtain

- {µ,ult'M Ylxldxt #µ, HH dltix)
E

+ IS 447 duct , x) t f467%67 de -- O
o

'

We send t
't

-30 which finally proves

k¥1, o f
,

45×1447 dx -- {
µ
,
udx)Ycxldx

.

ABEBE



PROOF OFTHE MAIN RESULT: Applying lemma to equations
left dir Hu) = O , y cute t dir QLD

= -M
where y is uniformly convex ( as we work with scalier conser
lows we can choose yla)

-

- ue) .

It follows that tr) htt . . )
, they (ult, - D are weakly-it

continuous
.
Lemma from Section l -2 shows that th u ft

,
- )

is strongly continuous .

MORE COMMENTS ON CONTINUITY :

1
.

We proved that hounded entropy solutions are continuous

as themaps

Cath Fa th ult , -I e-Hall Rd )
and f- of O

.

In fact , so - called
"

fine structure of BV
solutions " to conservation laws shows that f is empty .

2
.

For kvuzkhov technique (proof of uniqueness ) , it is suff .
that :

fish+ UH ,
-J = not ) in 4EUR01) (strongly !)

3
.

If µ
-

- O
,
one can apply different compactness argument

it lemma above to get that F- of - ⇒ HOMEWORK .


