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1. Definition and motivation

If we E u in E
, we have for all smooth G

Glue ) 't fold ) dat,
where {fit,xL⇒ is a Young measure generated by
the sequence { u

' le >o .

The target is to define a

similar object that can encode all weak limits of
nonlinear

-

ties but is a function rather than measure

Fix tix) sit . u't tix) 20 .
Then

ueltix)

Glu
' ) = Glo) t f G' (2) ok =

0

= Glo) t fr No we
K ) G' ( Hd2
-

F X ( 3 , uttix) )

similarly ,
when uElt ,x) SO .

We define

X K , u) = f
t O CK u ,
- 1 u s 320 ,

0 otherwise
.



Et Ci) f s'll) Xk , ul d2 = Slu ) - Slo) .
K

Iii ) fat XG , ul -XK ,
u ) lol I = In- ul

⇒ Ii) follows by the discussion above . For Cii)
we should distinguish few cases

of u so > v ⇒ Xk
, a) = No azan , XK ,D=

-Maco
-12 u so L U ⇒ similar as above

tf u > v > o ⇒ X Gue) -X Guv) = Nusku
-12 us v co ⇒ similar as above

. a

corollary If u Cx) c- L
"

,
it may be tricky to define

X 13
,
ucx) ) as X is discontinuous

.
But if un-su

in L
"
and un smooth , we see that X G

,
un Cx) ) is

a Country sequence in L
"

converging ae. to Midd).
Hence

,
it is well- defined . I



2
.

Variational characterization .

We assume that f is a given function sit .

f- E L1 ( IR)
,
f k) sqm (2) = If I E I -

THEOREM 1

kid let u = f fk) of . Then , there is a unique fan

me Co Clk) sit
.
X K , u

) - fG) = § mk). It
is nonnegative and IlmHof Hf 111 ,

di Let S be convex and Lipschitz continuous .
Fix u EIR and consider problem

ihf f fas
'

(2) Had} i felt
,

'

fsgn E- Ifk 1 , ff = u} .

Then
,
the infimwm above equals Slu)

-Sco)

and is attained for f = XK , u) .

(iii) For S unit . convex ( i.e . Fm Slu) - mu
'
is

convex
,
the miniminer is unique ) .

Remark : condition u = SH3) ok in ( i) follows from

integrating equation in space .



Proof : For Ci) ve set me} ) = f) Xty ,
u) - fly ) dy.

Clearly , m is continuous (even AC )
, fi,m→mK)=O .

Moreover
, ¥1 Mk) = f

,

Nz
,
u) - fly ) dy = 0 as

u
-

- f fly) dy -

Lx bound : Hm
,
u) -- Hogar - Huay so and

u= f flylolz is fixed .

Assume u 70
. Then XG

,
a)=

No
cyan

.
For ya Xfy ,

u) - fly ) 20 so that

Te et
m is non decreasing . Then

,
m is decreasing as f

is nonnegative .

It follows that

Hull
.

-

- mlul = u - fjflyldy-f.fi f-G) oh
⇐ Sptfhldq = " tha

. he
,similar story when u SO .

w

Nonnegativity : This follows from monotonicity above

and limits of infinity .



For Iii) we write f s'll) fl 3) d } =
= f s' k) ( XK , ul - mfk) ] d2 =
= Slu) - Sw) - f s 'll ) mil 3) ok .
-

we need that this is non positive

If S is C
'

, convexity implies I 542 ) my
'

ok =

= - f s " 121mHz) ok so ,

as S
"
ZO

.

Otherwise consider SEE S * y
'

.

It is again convex

since qtr
-14-Hy

s *y
'
( txt H -Hy ) = f Sltxtlh -Hy - z) YEH )

Sts * y
'
1×7 + In - H Smyly)

It follows that SH )
'

121 MIR) E O . We send

E-so using that S
'
is Lipschitz ( so that SE

exists a. e . ) .



For Ciii) if we assume SR ) - d 3
'

is convex for

some L SO we have

(544-45)
'

)
"

Zo ie
. (s
'

)
"

-1649
"

so

i. e . Gel
"
-H2o ⇒ (5)

"

722

Hence
,
in the computation above , if f is minimizer,

14944 Had2=5%1-540) t f
"

Mfk ) d2

Z SEH - 54Gt 22 Imf G) ok

f s
'
127 HadZ Z Slu) - Seo) t Ld Smfh)ok

-

20

so O Z 2L fmfk) ok ⇒ mfk) - O Vz ⇒

f th = XU ,
u)

. A
.

Remark : we used here weaker notion of strongconvexitywhich allows for S which are not twicedifferentiable
. If Seo then S

"
Z m>o so that we recover

previous definition .



3. Connection with strong convergence and YM
.

We now aim at version of fundamental theorem

of YM formulated in language of kinetic fans .

We formulate results very generally , for un
- u

only in L:c . In view of Dunford - Pettis Than

this is equivalent to equi integrability of {an 3
,

namely

(A) : open it sayin f lunt → 0

lunkkn Br

as k-so
4×20
r

( B) ; for all R> 0 there is 4k non decreasing
sit

. Yf# → ox when IH→ ro and Yplluul)
is uniformly bounded in NBD .

We will use (A)
.

'



THEOREM
.
2 Suppose that un- u in the Ckd) and

X ( 3 , Unix)) E f in P ( Rdx IR) . Then,

(A) ft LY B x IR ) for all BC 1129 (ball)

(B) f- K) -

sign2=1 flx , 3) If I a. e .

( C) there is a family of probability measures

{44 such that the following identity holds
in the sense of distributions

fzfcxi) = 80127 - 0×127

Proof : Fox HAD we note that if X 13
,
unCx)) E f

,

(so in duality with L1 ) ve take test function

[ N z c- FI, I ] HB Cx) sign f

( th = kief
,
×

Ht IEE / X Giants) sgnf
131EI, XEBCK)

⇐ limits
.
! ,¥k ,

until.Rdx - line:#
×
!!.in#dx



Send I→ no to get the result .

For (B) we first prove sign property .
This follows

from weak -* convergence . Indeed
,
for 270 we

take arbitrary E Cx) C- Cc
, YK) Supp . on 370

- Then
( 620) ( t207

Of ff Hx) YC2) X ( 3 ,
un Cx) ) d { dx

→ S S E Cx) 413 ) fix , Doll Ix -

- Similarly , f Cx , 3) E O a.e - x
,
a -e - Z E O .

To see that If IF 1 we show that f - 1 So

and ft 120 using method above .

O
Ford ) first , we compute q X Cl , unlx) ) .

• uulx) >0 Iz X 12, uncx)) = do (3) - Jun (2)
• unlxko Ez XG , uncx)) =

-June, +8dL) .



Hence , wehave of XG ,
andxD = So - uf .

Passing to the limit in the sense of distributions

Iz fl x.2) = do - ox .

We only need to prove that 8×3 has mass I (this
is the same as for Young measures .

. . in fact Ux is

the Young measure) .

First , for any smooth , compactly Supp . 4 we have

f 461 du : → f Yha dy

Taking sequence 491 we get

Ux ( K)
= ft dy, = sup f Yak ) dyk) =

KG IN

fits 1414 date)

£ hisint ÷fw Hick) du: K) = 1 .



-

To get lower bound we need to show that the mess does

not escape to infinity .

(decay estimate)

There is Mr aondecreasing s -t . Marks → e as r -so.
and f Makem) is uniformly bounded .

BR

n Br} =*""
= g e oh, e STET, dx skit,

lunt >k
k R

let 4k be st
. Hell ) Supp . on flak]

, Ya = 1 on .

C- Ck-H ,
ktl] and Of 4kSt

§ 44-kik ] )# f Haugh) dux K) ok
R BR IR

¥
,

Yak) dux 4) dx Him fjfdunlxlldxa→x

R n

⇒ him, soup § 1- Hantz Ck- n )
d'

R



Z f
,

I dx - lniyinf llunlzlk.hn#e
R f CI

Z fzfdx - ¥¥,
ME"'

send k→- to get fzffdy.cz) - t) Z O .

It follows that f dude) = 1 .
too

Hence
, we know that weak

-* limit of X(3 , un Cx) )
for fixed x looks like

fu , z)
- n

→✓}→h
" negation

{

impact supportnonpositive - - n

We now prove that fly , z) encodes all weak limits
of S ( un ) for ult S, exactly like Young measure .



THEOREM 3
.

Let fun Inc
. in be weakly compact in

4.allRd) .
If un- u we have

(Al u Cx) = fflx , 2) ok
IK

( B) fr I fly
,
U l ok = weak limit of lunch

(C) More generally ,
if S is convex

,
s
'

EP
and 5101=0

Is ' k ) f- Cx , 37 d2 = weak limit of S (un )
.

( D) un-s u strongly in Hoc iff for a -e. x
f- (x , 3) = X ( 3 , ucx) ) .

Remark : If { un) is weakly compact ,
there is Mr

Svt
. f Midland is bounded .

We want to find such

Bn
a function for slum)

.

Note that Islam) I
'

Holum )

we can take Nrl x ) = Mr (ftp.) and use

monotonicityof Mr .



r

Proof : first
,
we prove (c) as CA ) and ( B) follow

from (C) .

We have

S ( un Cx)) = f s
'

G ) X K, umha ) ok
112

Test with any 467 EE
to lget

§! Cx) slunkDdx
=

,! f.stalk , um Wok 0¥

Unfortunately , s
'

13746) 11,3rad is not an L? function
so we cannot use weak-* convergence of XR , une)) .

We split the integral in E over f-k , k ) and its

complement .

¥1."" """"" """ "" f. Ii ' ! !"".
H K
'

A'
me Bmi

.

Using tail estimate we need to control the second

term uniformly in k
.



we estimate! fawn, s
'

K ) YW X G. until dzdx I

⇐

B! ¥, g.µ,
" " "

o

" "b IX Kun lolz oh,

OBSERVATION :

µri
votive of 3↳ (131 - KY

= H s 'll
.
11411
. §pfµgµµsgn3 - 44

, una) ) ok dx
=

= lls 'll
.
11411
.
I flunked - K) t ok =

BR

= H s'll
,
11411
, f lunch I dx S Ils 'll

.
114lb up Ck)

Bri l un Hk

As fun 3 i weakly compact in L
"
, cop

( k ) → 0 as Kao.

It follows that

thing KIF. Buie = O .

For term Ann
.
we can apply weak convergence so that

¥1 KI. Anne = ¥, s
'

RI Hu 27447 dxok



( for the second limit we used dominated convergence as

we know that f- ( x , 2 ) is integrable on Bp x IR ) .

Coming back to (F)

§! Hunting slunk
) ) dx =

,! fp.SK) 467ft 27013 ok
for all 4 EP (Br) ( in particular CT ) and del
1220 . It follows that

wanting stun)
= 1µs

'

4) fix , 2) ok

as desired :) .

This proves (A)
,
(B) and CC )

.

Now
, we prove ( D) .

fix x and note that (A) implies

that ulx) = f
, ,zflx , 21dL .

Hence
,
for any S with

s
'

EP and S
'

convex

winding stun Cx))
= f s

'

K) ffx , 3) d } Z

Z f 5421×13 ,
uGD d2 = SluexD .

by variational formulation .



Consider three sentences :

(X) un→ u strongly
(Y) for ou s convex with S

'

er
,
Slo) -O , scan )→Slu) .

G) f Ix , 3) = X 13
,
uCx))

.

Clearly (X)⇒ (Y ) follows from standard theory .

( Y ) ⇒ CZ)
. Suppose that fly , 2) A X 13 , uCx)) .

Then
, inequality above has to be strict for 5/31=22

which is strongly convex .
Contradiction with (Y) .

(Z) ⇒ (Y ) . Follows directly from representation
of the weak limit in terms of kinetic function .

µ

THEOREM 4 ( Existence of Young measure again ) .
Let fu, 't be a family of probability measures
as above! Then { xx I

×
coincides with Youngmeasures{fix 3

× generated by { UE le >o .



Proof : For any SK ) ,
the function 512) - Slo)

vanishes at 2=0 .

It follows that

w- him (still - Slo) ) = w - him Slue ) - Sco)
{→ o

E-so

11 11

Is '

Klux , 3) ol z f SK ) dm, 12 ) - Scot
H

- (Sco ) - f shelduck ))
there

,
we used that fzffx ,3) = do - u×

It follows that f s (2) du, (2) = f SK ) day (3) .

Ba

Remark : This is equivalent construction of TMS

by kinetic functions .


