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Reminder:
We say that a function p* : 2% — [0, +00] is an outer measure iff
o :u*(@) =0,

o p*(A) < p*(B) forany AC B C X,
o 1 (UiZy Ai) < 3002, n*(Ay) for any A; C X.
Let F be a given oc—field on X. We say that p: F — [0, +00] is a measure on F iff
o u(0) =0,
o n(Ui2y Ai) = >, u(4;) for any pairwise disjoint 4; € F.

Let (X, F, i) be a space with a given o—field F and a measure y defined on it. We say that f: X — R
is measurable with respect to F iff

{r e X :, f(x) > a} € F for any a € R.

In particular if f, g are measurable functions, then the following sets are in F.

o {reX: f(x) <a},
o {xeX: f(x)>a},
e {reX:, flx
(
(

> g(@)},
o {zeX: f(z) = g(x)}
o {zeX: f(z)=yg(x)}

And if f, g are measurable functions, then the following functions are measurable.
eaf+byg,
* [y,

/1,

max{ f,g}

min{ f, g}.

Exercises:

(A1) Find the point in the set
A={(z,y,2) € R®: 3% + 3y* + 22y + 2 < 1},
which is the furthest away from the origin (0,0, 0).

(A2) Let f(z,y,2) =2y — 2. Find the supremum and the infimum of the given function on



a) A={(z,y,2) eR3: 2 +y* + 22 =1},
b) A={(z,y,2) eR®*: x4y +2=0,2"+y* +2°> =1}.
(A3) Let n > 2 be a natural number and a,b > 0 be such reals, that a®> < nb. Suppose

n n

E T = a, E z2 =b.
i=1

i=1
Find the biggest possible difference between the max{z;} and min{x;}.

(A4) Let X C R be nonempty. Define for A C R a function

1,ifACX
px(A) = .
0, otherwise.

Is pux an outer measure on R?

(A5) Let 2; € X for i = 1,2,.... Define 6 = > 7, d,,, where §,,(A) = 1if 2; € A and §,,(A) =0
otherwise. Determine, whether § is an outer measure, measure or neither. If § is a measure,
what is the o—field of j—measurable subsets of X7

(A6) Let F be a given o—field on X and p be a measure with respect to F. For A C X define
w*(A) :=inf{u(B): Be F, AC B}. Prove that p* is an outer measure.

(A7) Let f, : R — R be a sequence of continuous/measurable functions. Show that
A:={z eR: {fn(z)}nen is increasing }

is a Borel/measurable set.

(A8) Let f1, fa, f3, fa : R™ — R be measurable functions. Show that

fi(z) fo(z), if fs(x) > fa(z),

|f2(z)|, otherwise,

fz) =

is a measurable function.



