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Reminder:
An indefinite integral of a function f is a family of its primitive functions. We write
/f(:):) dz = F(x) + C,

where F’ = f and C is an arbitrary constant. Due to our knowledge of derivatives of elementary
functions, we can derive:

a _ 1 a+1 _
/x dx—a+1m + C, for a # —1,
1
/fdlenm—i—C’,
x
/cos(x) dz = sin(z) + C,

/sin(w) dz = —cos(z) + C,

1
/m dl' = arctg(x) + O,

1
dx = arcsin(x) + C,
/\/17932 (@)

/exp(:r) dz = exp(z) + C,

1
/ T dz = tan(z) + C.

The following identities are easy consequences of the known formulas for derivatives.
Linearity:

/af(x)+Bg(x)da:zoz/f(a:)da:+,3/g(x)dx
for any f, g continuous and «, 8 € R.

Integration by parts:

/ f(@)d (@) dz = f(x)g(z) - / f(2)g(a) da



for any f, g differentiable.

Integration by substitution:

[ o)) do = Figla) + C.
where F' = f, f is continuous and ¢g € C*.

One may make use of the sophisticated substitutions below.

e If the function under the integral is a rational function of sin(x) and cos(z), then substitute,

T
t = tan <7>
2

This is the so-called Weierstrass substitution.

e If the functions under the integral is a rational function of x and vaxz2 + bz + ¢, then one can
rewrite az? + bz + ¢ in the canonical form, use linear substitution and obtain an integral of a
rational function of y and

1) /1 —y? - use trigonometric substitution y = sin(x),
2) y/y? — 1 - use hyperbolic substitution y = cosh(z),
3) v/1+ y? - use hyperbolic substitution y = sinh(x).

A definite integral of a continuous function f : [a,b] — R is defined as

b
L/ﬂmsz@—ﬂm
where I’ = f.

Exercises:

(A1) Calculate the following integrals (integration by parts):
1) /xarctg(x) dz,
2) /sin4(:c) dz,
3) /exp(S:ﬂ) sin(4x) dz,

4) /x exp(z) sin(z) dz.
(A2) Calculate the following integrals (integration of rational functions):

dz,

ot 2?4 —1
2 -z

22+ 5
2 ——d
) /(5172+4:1:+5)2 ‘

8
3) /7£4+4ddz.



(A3) Calculate the following integrals (integration by substitution):

/ﬂfidx
V1+a3

1
2 —— duz,
) /exp 3z)+1

r—1
1/ d
/ z+1 s

4) / sin®(z) dz.

(A4) Calculate the following integrals (Weierstrass substitution):

b /sinl(x) dz,

1
2) / 5+ 3 cos(z) dz,
) ' 1 + sin(z) cos(x )
3) / (2 + cos2(x))(1 + sin?(x))

(A5) Calculate the following integrals (trigonometric/hyperbolic substitution):

/\/3—2x—x2dm,

' 22
/7(11
J Va2 —4x+3
/\/:r2+4.7:+9

- —dx

22

(A6) Let f: R — R be a continuous function. Show that
o fiseven <= [* f(t)dt=2 [ f(t)dt for any x € R.
o fisodd < [* f(t) dt:OforanyxER.
e f is periodic with a period T > 0 < ngT fo t)dt for any z € R.

(A7) Let f € C?([0,1]). Show that there exists £ € (0, 1) such that
[ s@ar= 10+ 51+ 1"

Bonus exercise:

(Z1) Suppose p,q € N are coprime. Show that

/01 ({px} - ;) ({qx} - ;) = %pq,

where {z} denotes the fractional part of a number x.



